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Abstract. We study polynomials with coefficients in a field L as dynamical 
systems where L is any algebraically closed and complete ultrametric field with 
dense valuation group and characteristic zero residual field. We give a complete 
description of the dynamical and parameter space of cubic polynomials. In 
particular we characterize cubic polynomials with compact Julia sets. Also, 
we prove that any infraconnected connected component of a filled Julia set 
(of a cubic polynomial) is either a point or eventually periodic. A smallest 
field S with the above properties is, up to isomorphism, the completion of the 
field of formal Puiseux series with coefficients in an algebraic closure of Q. 
We show that some elements of S naturally correspond to the Fourier series 
of analytic almost periodic functions (in the sense of Bohr) which parametrize 
(near infinity) the quasiconformal classes of non-renormalizable complex cubic 
polynomials. Our techniques are based on the ideas introduced by Branner 
and Hubbard to study complex cubic polynomials. 



1. Introduction 

The aim of this paper is to study the dynamics of polynomials over a complete 
algebraically closed ultrametric field L with a dense valuation group and char- 
acteristic zero residual field. In particular, such a field L is an extension of Q 
and induces the trivial valuation in Q. Our interest arises from the extensive re- 
search on the dynamics of rational functions over C and the recent one over Cp. 
Fields such as L seem to be a natural dynamical space to explore the interplay 
between non-archimedean and complex dynamics. The focus of this paper is on 
cubic polynomials. We will show that the techniques developed by Branner and 
Hubbard ^BHl , BH2) to study complex cubic polynomials merge with some basic 
ideas from p-adic dynamics to give a complete picture of the dynamical behavior 
and the parameter space of cubic polynomials in L. Moreover, we will show that 
the dynamics of a family of cubic polynomials acting on §, a smallest ultrametric 
field with the above properties, is intimately related to the structure of the pa- 
rameter space of complex cubic polynomials near infinity. In particular, we show 
that some elements of S naturally correspond to the Fourier series of analytic al- 
most periodic functions (in the sense of Bohr) which parametrize (near infinity) the 
quasiconformal classes of non-renormalizable complex cubic polynomials. 

Let us now describe the context and statements of our main results in more detail. 
For this let us fix a field L with the above properties. For the sake of simplicity we 
restrict to polynomial dynamics. Given a polynomial ip with coefficients in one of 
the fields C, Cp or L, the set of non-escaping points is the filled Julia set K{lp) and 
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its boundary J((^) is called the Julia set of 93. The complement of the Julia set is 
the Fatou set F{ip) (see |M2l and Chapter 6 in |RT]V 

In complex polynomial dynamics it is useful to study the connected components 
of the filled Julia set. Non-archimedean fields are totally disconnected and, following 
Rivera |Rlj , the analogue discussion requires to replace the definition of connected 
component by the weaker notion of infraconnected component (see Subsection l2.5ll . 
In jBn3| . Benedetto gives examples of polynomials (p in Cp which have non-trivial 
wandering infraconnected components in K{ip). That is, an infraconnected com- 
ponent C which is not a singleton and such that the iterated images of C under if 
are pairwise disjoint. These examples rely on the presence of a fixed infraconnected 
component of the filled Julia set with "inseparable reduction" (compare with )Fej ) . 
A non-trivial infraconnected component of K(ip) is automatically a ball contained 
in the Fatou set (see Subsection 12.511 . Thus a main difference with complex dy- 
namics appears, since it follows from a Theorem by Sullivan (e.g., see \M2\ ) that 
a wandering connected component of a complex filled Julia set is contained in the 
Julia set. The examples of p-adic polynomials with non-trivial wandering infracon- 
nected components show that the analogue statement of Sullivan's Theorem is false 
in p-adic dynamics. Since the residual field of L has characteristic zero there are no 
inseparable components and we show that the situation is similar to that in C. In 
fact, to prove the theorem below we adapt Branner and Hubbard's techniques used 
in |BH2| to show that the filled Julia set of any complex cubic polynomial does not 
have non-trivial wandering components. 

Theorem 1. For any cubic polynomial (p G every infraconnected component 

of the filled Julia set is either a singleton or eventually periodic. 

The field L is not locally compact. Nevertheless some polynomial Julia sets in L 
are non-empty and compact. In particular, we show that if € L[^] is a polynomial 
of degree d > 2 with all its critical points escaping, then the Julia set J{(p) is a 
non-empty compact set and the dynamics over it is topologically conjugated to the 
one-sided shift on d symbols f Theorem 13.1(1 . This is the analogue of a classical 
result in complex dynamics (e.g., see Theorem 9.9 in !B1)). In p-adic dynamics, a 
similar statement is false. 

The question of characterizing compactness in p-adic dynamics has been ad- 
dressed by Bezivin in |Bzj where it is shown that an obstruction for a Julia set to 
be compact is the existence of non-repelling cycles. For cubic polynomials in L we 
show that the absence of non-repelling cycles is in fact equivalent to the compact- 
ness of the Julia set. Also, we show where in the parameter space 7'3(L) of cubic 
polynomials those with non-empty and compact Julia set may be found. More 
precisely, we work in the parameter space V3 (L) formed by the polynomials of the 
form: 

where (a,/3) G L^. Thus parameter space is naturally identified with L^. As 
suggested by the previous paragraph, we say that the shift locus ^3 (L) is the subset 
of 7^3 (L) formed by the polynomials with all their critical points escaping. Now our 
characterization of compact Julia sets reads as follows: 

Theorem 2. Let (p G 7^3 (L) be a cubic polynomial. Then the following are equiva- 
lent: 

(i) The Julia set J{ip) is a compact non-empty set. 
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(ii) J{^)^K{^). 

(in) All the cycles of Lp are repelling. 

(iv) (f is in the closure of the shift locus S3(L). 

The previous results rely on the detailed study of both the dynamical and pa- 
rameter space of cubic polynomials contained in sections 01 and [3 One interesting 
consequence of our description of parameter space we show that the subset Ti. of 
7'3(L) formed by all the polynomials whose Julia set is critical point free is open 
and dense (see Corollary 15.22(1 . According to Benedetto |Bn2| . polynomials in Ti 
exhibit some sort of hyperbolicity over their Julia set. Another consequence of our 
description is the existence of cubic polynomials with coefficients in Q°-{{t)) (the 
formal Laurent series with coefficients in an algebraic closure of Q) which have a 
recurrent and non-periodic critical point f CoroUarv 15 . 23|) . 

The situation for quadratic polynomials in L is rather trivial. If the critical point 
of a quadratic polynomial is non-escaping, then the filled Julia set is a closed ball 
and all the cycles are non-repelling. Otherwise, the filled Julia set is a Cantor set 
and all the cycles are repelling. The situation for polynomials of degrees greater 
than 3 is more subtle. Nevertheless, for polynomials of any degree (> 2) with 
coeffiecients in a smallest field §, we conjecture that the statement of the theorems 
above still hold. 

Let us now outline the results which establish a connection between dynamics 
over S and C. In complex cubic polynomial dynamics we work in the parameter 
space 7^3 (C) formed by all the polynomials of the form: 

ga,b{z) — z'^ — 3a^z + b 

where (a, 6) G C^. This parameter space is naturally identified with C'^. Note that 
the critical points of g^.b are ±a. If the critical point +a lies in K{ga.b) we denote by 
Ca.bi+o) the connected component oi K{gafi) that contains +a. We are interested 
in the set 

:= {(a, fo) G / + a e K{ga^b) and Ca,6(+a) is not periodic}. 

Equivalently, Ac consists of the polynomials such that the critical point ~a escapes 
and that are not renormalizable about the critical point +a. 

The field of formal Puiseux series Q°'{{t)) is an algebraic closure of the field 
formal Laurent series Q''((t)) with coefficients in the algebraic closure of Q. We 
always regard as a subset of C. The field S is, up to isomorphism, the completion 
of 'Q°'{{t)) with respect to an appropriate valuation (see Subsection l2.1ll . So for the 
rest of this paper S will denote the completion of Q°'{{t)). The elements of S may 
be identified with series of the form 

c = E 

where a\ E Q" and the set {\ / a\ ^ 0} is discrete and bounded below in M. 
An automorphism cr of § over Q"((t)) will play an special role in our work. More 
precisely, we let a be the unique automorphism of § such that (T(t^/™) = e27rj/m^i/m 
for all m € N. 

Consider the family of cubic polynomials in §: 
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where /3 G §. Here the critical points are ±t^^ and if t^^ E K{iff3) wc denote 
by ICp{t^^) the infraconnected component of K{(pp) that contains t^^. Now the 
analogue of Ac is 

As := {/3 e § /t^^ e K{(pf3) and IC/sit'^) is not periodic}. 

To state the correspondence between Ag and Ac we also need to introduce, for 
e > 0, the infinite strip 

:= {T e C / IniT > ^^}. 

ZTT 

Theorem 3. There exists e > sttc/i that for all (3 — X^AeA ^^i^ i'^ i^e series 

AeA 

is the Fourier series of an analytic almost periodic function bp : — > C. Moreover, 
$ : He X yls ^ Ac n {|a| > 1/e} 

(r,/3) ^ (e-2-^,6Mr)) 

js a weH defined surjective map which is continuous in (T, /?) anc? holomorphic in 
T. Furthermore, <f> projects to a homeomorphism: 

$:H, X As/ > Acn{|a|>l/e} 

where ^ is the smallest equivalence relation that identifies {T —I, f3) with (T, cr(/3)). 

For a short summary regarding almost periodic functions see Subsection 16. 61 
As an immediate consequence we recover (near infinity) a result by Branner and 
Hubbard which says that the local structure of Ac is that of a totally disconnected 
set cross a disk. However, in the proof of the previous theorem we use two im- 
portant ideas introduced by Branner and Hubbard: the wringing construction and 
the tableaux. Thus, the theorem above and some direct consequences cannot be 
regarded as independent from Branner and Hubbard's work. From the complex 
dynamics viewpoint, the novelty is the natural parametrization for Ac near infinity 
which is a manifestation of the interplay between the dynamics over S and C. 

The proof of Theorem O relies in our description of the parameter space Vs (L) 
achieved in Section [S] as well as some complex dynamics techniques. 

Let us now outline the structure of the paper: 

Section El consists of some preliminaries. After giving a short discussion about 
the smallest field § we summarize the basic properties of the action of polynomials 
on L. Then we introduce "affine partitions" of a closed ball (which in the language 
of |E2| are the "classes" of a closed ball) and show that polynomials act on affine 
partitions. We continue with some dynamical aspects of polynomials in L such as 
their Fatou and Julia sets, and infraconnected components of their filled Julia set. 
Simultaneously we discuss the basic combinatorial structure of the dynamical space 
of polynomials in L given by balls and annuli of level n. 

Section|21is devoted to the proof of Theorem 13 . II which describes the Julia set of 
polynomials with all their critical points escaping. 

Section0]contains a detailed study of the geometry of the filled Julia set of cubic 
polynomial with one critical point non-escaping and the other one in the basin 
of infinity. This study is based on Branner and Hubbard's ideas for organizing 
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the relevant combinatorial information by introducing marked grids and tableaux. 
This section concludes with the proof of a stronger version of Theorem^ a corollary 
which establishes the equivalence of (i) through (iii) as stated in Theorem |21 and 
Proposition I4.12l regarding the topological entropy of cubic polynomials. 

In Section[Slwe give a detailed description of the parameter space VsiL,). At the 
end of this section the reader may find the proof of Theorem |5J 

In Section El we prove Theorem 13 Here the key to pass from § to C are the 
Puiseux series of the ends of periodic curves in V3 (C) . 

Acknowledgements. I would like to thank Juan Rivera Letelier for introducing 
me into non-archimedean dynamics. The influence of conversations with him are 
scattered all over this work. I am grateful to John Milnor since an important moti- 
vation for this paper was my interest on understanding the Puiseux-Laurent series 
of some ends of periodic curves computed by him in a short note that he kindly gave 
to me some years ago. I thank Manuel Elgueta and Alejandro Ramirez for useful 
conversations regarding almost periodic functions. I would like to thank the Royal 
Society for funding my trip to England during April 2004. The conversations held 
with Adam Epstein and Mary Rees during this trip were very helpful to organize 
the exposition of these results. 

2. Preliminaries 

Throughout the paper L will denote an algebraically closed field endowed with 
a non-archimedean valuation | • |o such that L is complete, the residual field L has 
characteristic zero and the valuation group |L*|o is dense in (0, +00). 

Remark 2.1. The residual field L has characteristic zero if and only if L D Q and 
\x\o = 1 for all xeQ* = Q \ {0}. 

2.1. Example. Let be the field of formal Laurent series in t with coeffi- 

cients in C C where Q" is the algebraic closure of Q. Given a non-zero Laurent 
series 

3>3o 

define the order of C by 

o(C) :== min{j / ^ 0} 
and consider the non-archimedean valuation in Q"((t)) given by 

ICIo e°(^) where e = 6"^ 

The field of formal Puiseux series with coefficients in Q", denoted 
is the algebraic closure of Q°((i)) (e.g., see page 17 in |U-A| '). The elements of 
Q"((t)) may be identified with the Laurent series in i^/™ for some to e N. That is, 
for any ( g Q°((i)) there exists m e N such that 

j>jo 

The unique extension of | • |o from Q"((t)) to Q°'{{t)) is given by 

IC|o=e-°(^) 
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where 

^ min{ j / Gj ^ 0} 
m 

provided that C 7^ 0. The valuation group of Q"((i)) is e^^. 

We denote by § the completion of Q" ((<)). The elements of § may be identified 
with the series 

c = E 

where a a G and the set {\ / ax ^ 0} is discrete and bounded below in R. 
Moreover, |C|o = e°(^) where o(C) = min{A g Q / ^ 0} if ( 7^ 0. Therefore, \S*\o 
is also e'^. Since S is the completion of an algebraically closed field we have that S 
is also algebraically closed (e.g., see \Ca.\). 

The field L contains a copy of S. In fact, given C G L such that < |C|o < 1 it 
is not difficult to show that 

l: Q«((t)) ^ L 

extends to a monomorphism t : § ^ L. Therefore S is the smallest algebraically 
closed complete field such that the residual field S ~ Q°- has characteristic zero and 
|S*|o = e'Q is dense in (0, +oo). 

2.2. Polynomial maps in L. In this subsection we summarize some basic prop- 
erties of polynomial maps in L. Although most of these properties also hold for 
the larger class of holomorphic maps we only state them for polynomials in order 
to keep the exposition as simple as possible. 

For r e |L*|o and Co G L we say that 

B+iCo) :={CgL/|C-Co|o<'^} 

is a closed ball and 

BriCo) :={CgL/|C-Co|o <r} 

is an open ball. If r ^ |L*|o, then i3+(Co) = -Br(Co) is an irrational ball. The 
reader should be aware that, in despite these names, topologically speaking every 
ball is open and closed. 

Consider ip{(^) £ and Co G L. The largest integer do such that (C — Co)'^" 
divides (p{() — (p{Co) is called the degree of ip at Co and denoted by degi-^{(p). If 
the degree of ip at Co exceeds I, we say that Co is a critical point of multiplicity 
mult^(Co) := deg(-^{ip) - I. 

Suppose that if{B) = B' where B is some subset of L. If there exists an integer 
ds > I such that 

ds = deg<.(<p) 

{Ce-B/y(C)=C'} 

for all C' G -B', then we say that ip : B B' has degree = degg{(p). 

Polynomials map balls onto balls (see jR,l| page 29): 

Proposition 2.2. Let (^(C) G L[C] be a polynomial of degree deg{ip). Consider a 
closed (resp. open, irrational) ball i? C L. Then the following hold: 

(i) ip{B) is a closed (resp. open, irrational) ball. 
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(ii) ip : B ip{B) has a well defined degree degg{ip). 

(iii) ip^^{B) is a disjoint union of closed (resp. open, irrational) halls Bi, . . . , Bk 
such that 

^<^egB^{'p) = deg{ip). 

(iv) 

degB(^)-l = ^(deg^(^)-l)= "i'^lt(C) 
Ce-B ceCrit(ip)nB 
where Crit(iy9) is the set formed by the critical points of if. 

Statement (iv) makes a substantial difference between dynamics over fields with 
characteristic zero residual fields (e.g., L) and dynamics over fields with residual 
fields with non- vanishing characteristic (e.g., Cp). 

Sketch of the Proof. Statements (i)-(iii) follow by inspection of the Newton 
polygon of (fi. We refer the reader to |Ca| for background on Newton polygons 
and \R1\ for a proof of (i)-(iii) in the context of p-adic holomorphic functions that 
applies without modifications to our context. Statement (iv) follows from a simple 
observation. Without loss of generality we may assume that: B and ip{B) are balls 
which contain the origin, ip{0) ^ 0, and (p'(0) 7^ 0. Since natural numbers have 
valuation 1, the Newton polygon of (p translated to the left by 1 and restricted to 
the right half plane is the Newton polygon of (p' . It then follows that the number 
of zeros of 1^9 in _B minus 1 coincides with the number of zeros of ip' in B. □ 

We say that A C L is an annulus if 

A = {CeL/ logic- Colo e/} 

for some Co € L and some interval / C (—00,00). We say that A is an open 
(resp. closed) annulus if / is open (resp. closed) interval. The length of / is by 
definition the modulus of A, denoted mod A. The next proposition describes how 
the modulus of an annulus changes under the action of a polynomial ip. 

Proposition 2.3. If A, A' are annuli and (p{() G L[C] is such that (p{A) = A! , then 
ip : A A' has a well defined degree degj^{ip) and 

deg j^{ip) ■ mod A — mod A'. 

The statement of Lemma 5.3 in jR2j is the same than the one of the previous 
proposition but in the context of holomorphic functions in Cp. Rivera's proof 
applies to our setting as well. 

We will also need the following version of Schwarz's Lemma (see IRlp 

Lemma 2.4. Consider <p(C) G L[C]. Assume that (piBo) C Bi where Bi is a ball 
of radius ri for i = 0,1. Then, for all Cij C2 G Bo- 

(1) l^(Cl)-^(C2)|o < -IC1-C2I0 

ro 

(2) lv''(Ci)|o < -. 

''0 

Moreover, equality holds at some CijC2 in OP '^^ some Ci 'in ^ if and only if 
equality holds for all Ci, C2 in OP '^nd all Ci in 0). 

The next lemma will be useful to count the number of fixed points inside a given 
closed ball. 
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Lemma 2.5. Let ip E h[C]. Let B and B' he closed halls such that B' = f{B) D B. 
Denote by |FixB((y5)| the number of fixed points of ip in B counting multiplicities. 
If degg{ip) > I or B C B' , then 

|FixB(^)| ^degBiip). 

Proof. Without loss of generality B = B^{0). 

In the case that there exists Co ^ B such that |iy9'(Co)|o > 1, after conjugation by 
C 1-^ C ~ Co> we may assume that Co = 0. It follows that the Newton polygons for 
(p{C) and (p{C) — C coincide and therefore | FixBif)] = degg{(f). 

For the case in which |</3'(C)|o < 1 for all C G S we write 

■^(C) = "0 + aiC H 1- OinC 

and observe that (p{B) — B and that \ak\o < 1 for all k. Also, the number of zeros 
of iy9 in i? is degQ{ip) and coincides with the maximal index k for which \ak\o — 1- 
Since the coefficient of in (p{C) — ( coincides with ak for all fc 7^ 1, ifdeg^{ip) > 1, 
then ip{() — C has exactly deg^((/?) zeros in B (counting multiphcities) . □ 

2.3. AfRne Partitions. In the study of iterations of rational functions on p-adic 
fields it is useful to consider their action on projective systems (see IRlp . For poly- 
nomials the situation is simpler and we will just need to consider affine partitions 
(compare with the "classes" of a ball in jE2j ) . 
By definition, the canonical affine partition 

Va:={Biic) / eel} 

is the collection of equivalence classes of the ring Ol = -Bj^(O) modulo the ideal 
A^L ~ -Bi(O). The affine partition Pbq associated to a closed ball Bq is: 

{h-\B) /BeVc} 

where /i : L ^ L is an affine map such that h{Bo) — B^{0). AfRne partitions 
are parametrized by the residual field L and the parametrization is unique up to 
L-affine maps. Therefore, affine partitions inherit the affine structure of A^(L). 

Proposition 2.6. Let (ys : L — > L 6e a polynomial. Given a closed hall Bq d h let 
Bi = ip{Bq). Denote by Vq and Vi the associated affine partitions. Then: 

(i) There is a well defined induced action on the affine partitions given by: 

ip* : Vo Vi 

B ^ ip{B) 

Moreover, ip^ is a polynomial from the affine structure of Va to that of Vi . 

(ii) deg((p,) = degB„{ip). 

(iii) degs(<^,) = degg^p) for all B eVo- 

Proof. We first apply an affine change of coordinates in the domain and the range 

so that Bo ^ Bi_= Bt{0). Hence ip{C) = ao H h with |afc|o < 1. Now 

let TT : B^ if)) ^ L be the quotient map and for C g B^{0) let C, = 7r(C). It follows 
that (pic,) = (5o + • ■ ■ + cidC^ is such that tt o ip = ip o tt where d = deg^^^ {(p). Thus 
93*(7r~"'^(C)) = Tr^^{ip{C)) and ip^,, in these coordinates, becomes ip. From where (i) 
and (ii) easily follow. 

For (iii), without loss of generality we may assume that B — (p{B) — 7r^^(0). 
Under this assumption (fi{C) = fijC"' + 0(C"'^^). It follows that j is the smallest 
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index such that \aj\o = 1. Lookmg at the Newton polygon of Lp we conclude that 
j is the degree oi (p : B ^ B and (iii) follows. □ 

2.4. Fatou and Julia Sets. The chordal metric on L is defined by 

chordal(Co,Ci) := , ^^^n , — tt 

max(|Co|o,l) • niax(|Ci|o,l) 

for Co,Ci e L. 

The Fatou set F{lp) is the set formed by all Co G L for which there exists 
a neighborhood U of (^o such that {(p" : U L}„>i is an uniformly Lipschitz 
collection of functions (with respect to the chordal metric). The Julia set J{(p) is 
the complement of the Fatou set. That is, J{ip) := L\ F{ip). 

According to Hsia |Hs| . a sufficient condition for the collection 

{(^" : U ^ L}„>i 

to be uniformly Lipschitz is that 

L\ U^"(C/)^0. 

n>l 

Given ip £ L[('], in analogy with complex polynomial dynamics, the filled Julia 
set is defined by 

Ki^) :={CeL/|¥."(C)|o/>cx3}. 

That is, the filled Julia set is the complement of the basin of oo. Although J{(p) 
might be empty (e.g., J(C^) — 0) the filled Juha set K{(p)) is always non-empty 
since K{(p) contains the periodic points of (f. According to Proposition 6.2 in |R1| 
a polynomial Julia set can be characterized as follows: 

J(^) = dK{^) 

= {CelL,/ U (p"(J7) = L for aU open sets ?7 with C G J7}. 

n>l 

2.5. Dynamical balls and infraconnected components of a filled Julia set. 

Throughout this subsection, let ip he a degree d > 1 polynomial of the form: 

where ad ^ 0- Following Section 6.1 of jR l| . let 
Ry; := max 

Then it is easy to check that K{p) C p^^{{\C\o < R^}) C {|C|o < R^} and 
K{^) = {C e L / |¥>"(C)|o < R^ for aU n > 1}. 

Lemma 2.7. Given a polynomial ijj G L[(^] there exists another polynomial ip G L[<^] 
ajfine conjugate to such that R^ — diamK{ip) — sup{|Ci — C2I0 / C11C2 G K{ip)}. 

Proof. After an affine conjugacy ip becomes (p(() = ai( + • • • + ad-iC^^^ + C*- 
Note that 

R^ = max{{\aj\J^ / I < j < d} U {1}). 

Hence, if R^ = 1, then K{ip) = Bi{0). Otherwise, R^p > 1 and from the Newton 
polygon of (p we deduce that there exists Co such that |Co|o = Rip and </'(Co) = G 
K{ip). □ 



ai 


1 

d-i 


1 









ad 





10 



Puiscux scries polynomial dynamics 



Definition 2.8. We say that Dq = (0) is the dynamical ball of level of 

if. The set if^^{D) is the union of finitely many pairwise disjoint closed balls which 
we call level n dynamical balls. 

Later we will introduce "parameter" balls of level n. Often, when clear from the 
context, a dynamical ball will be simply called a ball. 

Observe that each ball of level n > is contained in exactly one of level n — 1 
and maps onto a level n — 1 ball. 

Definition 2.9. A dynamical end E is a sequence {-D„},i>o such that Dn is a 
ball of level n and Dn+i C Dn for all n. 

The map (p acts on ends. In fact, given an end E = {Dn{E)} let Dn{ip{E)) = 
(p{Dn+i{E)) for all n > 0. It follows that (p{E) :— {Dn{(p{E))} is an end which we 
call the image of E under (p. 

Following Escassut |E1| a subset X of L is called infraconnected if whenever 
X C Bq U Bi for some disjoint closed balls Bq,Bi, then X C Bq oi X C Bi. An 
infraconnected component of F C L is an equivalence class of the relation that 
identifies two points Co i Ci if there exists an infraconnected subset of Y containing 
both Co and Ci- 

Proposition 6.8 in jRlj reads as follows: 

Lemma 2.10. (i) If E = {-Dn} is an end, then HDn is empty, or a singleton, 
or a closed ball, or an irrational ball. 

(ii) //C G K{(p), then there exists a unique end E{() = {_D„(C)} such that C. G 
nD„(C)- Moreover, the infraconnected component of K{ip) which contains 

C IS nAi(C)- 

(iii) For any C. € K{ip), the infraconnected component of K{ip) which contains 
C, is a singleton if and only if C (z J(<p). 

A well known result in complex polynomial dynamics states that the filled Julia 
set of a polynomial / is connected if and only if all the critical points of / have 
bounded orbit (e.g., see Theorem 9.5 in |M2p . We obtain a similar result for 
polynomial dynamics in L: 

Corollary 2.11. Let if G L[C] and denote by Crit((y9) the set of critical points of 
Lp. Then K{ip) is infraconnected if and only if Ciit (ip) C K{ip). In this case, K{ip) 
is a closed ball. 

Proof. First suppose that Crit(i^) C K{(p). In view of Lemma we may assume 
the Rip — dia,m K{(p). From Proposition 12.21 (iv) it follows that there exists a 
unique level 1 dynamical ball Di which must coincide with the level ball Dq since 
= diami^((/9) and K(ip) C Di. Therefore K{ip) = Dq. 
If Crit((/3) ^ K{(p), then there exist a level with at least two disjoint balls, say 
Bi and B2. Each one of these balls Bi contains a periodic point Q because there 
exists k such that Lp^{Bi) D Bi (Lemma 12. 5f) . It follows that the infraconnected 
components C(Co),C'(Ci) oi K{ip) containing Co,Ci (respectively) are distinct and 
therefore K{ip) is not infraconnected. □ 

Regarding compactness of J{ip) we obtain the following result. (Compare with |Bz|.) 
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Corollary 2.12. Given ip eL,[(] the following hold: 

(i) If J (if) is compact and non-empty, then every infraconnected component of 
K(ip) is a singleton. 

(ii) If every infraconnected component of K{ip) is a singleton, then all the cycles 
of if are repelling. 

Proof. For (i) we proceed by contradiction and suppose that J{(p) is compact and 
non-empty and that there exists and end E = {-D„} such that C = ODn is a ball. 
Since J{(p) = dK{(p), the Fatou set contains C. Now let e J{f). For all n > 
there exists Cn G Dn such that </'"(Cri) = Co since ip^^{Dn) ^ Dq D J{ip) 3 Co- 
Therefore, after passing to a convergent subsequence we obtain a limit point C, G 
J((/?) n C = which is a contradiction. 

For (ii), suppose that Co is a period p periodic point. Then {Co} = nZ)„ (Co) where 
DniCo) is the level n ball containing Co- The orbit of Co does not contain critical 
points, for otherwise the infraconnected component of Co in K{ip) would contain 
points that are attracted to the cycle of Co- Hence, for n large ip^ : Dn{Co) 
Dn-piCo) has degree 1. By Schwarz Lemma lTH |('/3^)'(Co)|o > 1 and Co is repelling. 
□ 

2.6. Points and Annuli of level n. Consider a polynomial ip G L[C], an integer 
n e N and a point C S f~^{Do) where Dq = (0) is the level ball of ip. In this 
case we say that C is a level n point. Note that C is a level k point for all k < n. 
Also, C is contained in a unique level n ball denoted I?„(C). The radius of Dn{C) 
will be denoted by r„(C). 

Now let f denote the radius of (p{Do). We say that Aq = Bf{0) \ Dq is the level 
annulus of ip. For n G N, we say that the annulus of level n around C is 
^n(C) = -Sr„_i(c)(C) \ ^n(C) whcre C is a level n point. Note that: 



Similarly ii E = {Dn} is an end, then we denote by Dn{E) the ball of level n 
participating in E and its radius will be denoted by rn{E). The level n > 1 
annulus of E is An{E) = -Br„_i(E)(C) \ DniE) where C is any point of Dn{E). 
Also, 



£=0 

We omit the straightforward proof of the following result which shows the im- 
portance of studying the convergence of the sum of the moduli of annuli. 

Lemma 2.13. Let C G K{^) o,nd E be an end. Then the following are equivalent: 
(i) r„(C) ^ (resp. r^{E) ^ Q). 

(^V J2iLo"^o'^^eiO = (resp. J2eLo^od Ai{E) = +00). 
(Hi) {C} = nD„(C) (resp. nDn{E) is a singleton). 

3. Polynomials with all critical points escaping 

The Julia set of a degree d > 1 polynomial / : C C with all its critical 
points escaping is a Cantor set. Moreover, the dynamics over its Julia set J{f) is 
topologically conjugated to the one-sided shift on d symbols and / is uniformly 



n 




n 
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expanding in a neighborhood of J(/) (e.g., see Theorem 9.9 in Bl ). The aim of 
this section is to prove the analogous result for polynomials acting on L. 

Theorem 3.1. Let : L — > L &e a degree d > 2 polynomial with all critical 
points escaping (i.e., to ^ K{ip) for all critical points to). Then ip : K{ip) K{(p) 
is topologically conjugated to the one-sided shift on d symbols. Moreover, ip is 
uniformly expanding in a neighborhood of J{(p). In particular, K{ip) is a Cantor 
set and J{^p) = Kif)- Furthermore, the intersection of every end is a singleton. 

Before proving the theorem let us be more precise about the meaning of uniformly 
expanding maps, (compare with Definition 3.1. in Bn2 and Definition 3 in Bz ). 

Definition 3.2. We say that ip is uniformly expanding on a neighborhood V 
of J{(p) if there exist real numbers < Ci < C2, a bounded continuous function 
T : V [ci, C2] and A > 1 such that 



for all z ^ V . 

To prove the theorem we will need to label level n balls: 

Lemma 3.3. Let Lp G L[C] be a degree d > 2 polynomial. Then there exists a 
function L that assigns to each level n ball a subset of {1, . . . ,d} such that if B and 
B' are dynamical balls of some level ( not necessarily the same ), then the following 
hold: 

(i) The cardinality of L{B) is degg{ip). 

(ii) IfBc B', then L{B) C L{B'). 

(iii) IfB^B' and Lp{B) (p(B'), then L{B) n L{B') = 0. 

Proof. The unique ball of level is such that lp^^{Dq) C I?Oi therefore 
c\cgjj^^{(f) ~ d and we are forced to label it L{Dq) — {1, . . . , d}. 

We construct the labelling L recursively. Suppose that all level n balls have 
been labelled. Consider a pair of level n balls £>„,-D'j such that ip{Dn) D D^. We 
simultaneously label all the level n+1 balls Dl^_^_l, . . . , D^^j^^ contained in £)„ which 
map onto D'^. In fact, since 



it is sufficient to subdivide L{Dn) into k sets L{Dl^^i), . . . , L{D'^_^_l) of cardinalities 

degBi^^(¥'),---,deg^^;c^^((p). 

Repeating this process for all pairs D'^^ such that (p{Dn) D D'^^ a definition of 
L on the level n + 1 balls is achieved. 



Proof of Theorem l3.1L Consider a labelling as in the previous lemma. Let > 1 
be such that ip^{uj) ^ Dq for all critical points co. That is, the level N balls are 
critical point free and therefore each level N ball maps bijectively onto one of level 
— 1. In particular, L{Df{) is a singleton for all level N balls Dm- 
We first show that the intersection of every end E = {!?„} is a singleton. For 
this we consider the metric on (p~^^~^'> (Dq) defined by; 



T{ipiCW\o>Xr{0 




Properties (i) through (iii) are easily checked for this labelling. 



□ 
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where rN{C) denotes the radius of the level N ball which contains C. Let 
By Schwarz Lemma, 

(3) pMC),<^(C'))>Ap(C,C') 

if i:»Ar(C) = Dn{C')- Moreover, 

r^_i(^(C))"^|^'(C)|o = r^iCr' > Arjv-i(C)-^ 

for all C € (p~^ (Dq). In particular, ip is uniformly expanding on the neighborhood 
ip-^{Do) ofK{(p) taking r(C) = rjv-i(C)"^ in Definition lO 
For n > - 1, let 

Rn ~ max{p(_D„) / L)„ ball of level n} 

where p{Dn) is the p-radius of -D„. By Q, RN-i+k^'^ < Rn~i- 

It follows that if = {Dn} is an end, then p{Dn) ^ as n — *■ oo. From the 
completeness of L we conclude that the intersection of i? is a point. By Lemma F^.H)! 
every infraconnected component of K{ip) is a point and J(<y5) = K{ip). 

The labelling of the previous lemma determines an itinerary for each end. Namely, 
let Ends denote the collection of all ends and 
It: Ends ^ {l,...,d}Nu{o} 

{Dn} ^ Oo,Ji,...) if {jfc} = i(^'Piv+fe))- 
It follows that the itinerary function is bijective. Moreover, for ( E K{ip), let 
E{() = {Dn{C)} be the end with intersection {(}. Then the map ( it{E{C)) 
gives the desired topological conjugacy between (p : K{ip) K{ip) and the one- 
sided shift on d symbols. □ 

4. Cubic polynomials: the dynamical space 

From Corollary 12.111 and Theorem 13.11 we conclude that the filled Julia set of 
quadratic polynomials is either a closed ball or a Cantor set according to whether 
the unique critical point belongs to the filled Julia set or escapes to infinity. For a 
cubic polynomial € L[^] we have three possibilities: 

(i) All the critical points escape to infinity. In this case K{if) is a Cantor set 
(Theorem EHJ. 

(ii) All the critical points belong to K{(p). Here K{(p) is a closed ball (Corol- 
lary |5T11). 

(iii) One critical point escapes to infinity and the other belongs to K{ip). 
The aim of this section is to describe K{ip) for polynomials as in (iii). 

4.1. Branner Hubbard Tableaux. Our standing assumption for this sub- 
section is that (f is a cubic polynomial with two distinct critical points 
uj^ such that oj^ ^ K{ip), <p(ijJ+) e Dq and R^ — (\muiK{ip) where Do is 
the level ball of ip. The level annulus of ip will be denoted Aq. (see 
Lemma 12.71 and Definition 12.8(1 . 

According to Lemma 12.131 to study the geometry of K{(p) it is convenient to 
compute the moduli of the annuli of level n, for all n. The next pair of lemmas 
describe the behavior of level n annuli under iterations: 
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Lemma 4.1. Let if he a cubic polynomial with critical points oj such that = 
diam K (if) . Suppose that ip{Lu^) G Do and uj^ ^ K{ip). Then the following hold: 

(i) tf {uj-) i Do. 

(ii) There are exactly two level 1 halls: Di{uj^) and Z?i(7+) where 1^9(7+) = 
93(0;+) and 7+ 7^ 

(Hi) The degree of if : Di{uj^) — s- Do is 2 and the degree of ip : _Di(7"*') — > Dq is 

1. 

(iv) ip{Ai{Lu^)) = Ao and ip : Ai(a>+) —i-Aoisa degree 2 map. Also, (^(^1(7+)) = 
Aq and ip : ^1(7+) Aq is a degree 1 map. 

Following Branner and Hubbard we say that 7"*" as in the lemma is the cocritical 
point of a;+. 

Proof. For (i) we proceed by contradiction, ifip{u!^) E Do, then both critical points 
must be in the same level 1 ball. Hence there would be a unique level 1 ball which 
contains K{ip) and has radius strictly smaller than which is a contradiction 
since R^ = diam K (ip) . 

To prove statements (ii) and (iii) just observe that from (i) it follows that 
deg^^(^+-i (1^9) = 2. Thus there exists another level 1 ball which maps onto Do 
under ip with degree 1. 

For (iv), note that ip^'^{DQ)nBR^{Lu+) = Di{lli+) for otherwise is:(93) C i^"^(Do) C 
Bji^{iv^) and dia.mK{ip) < R^. Now since ip{BR^{ijj^)) — Bf{0) where f is the ra- 
dius of ip{Do), it follows that ip{Ai{ij^)) = Ao and the degree of ip : Ai{ijj^) Ao 
is 2. The rest of (iv) follows along the same lines. □ 

Lemma 4.2. Let ip he a cuhic polynomial with critical points lo'^ such that R^ — 
dia,m.K[ip). Suppose that uj~ ^ K{ip). Consider n > 1 and assume that 93" (tj^) G 
Do . Let Co be a level n point and let E he an end. Then the following hold: 

(i) For any element P of the affine partition associated to Dn-i{C,o) or to Dn-i{E) 
there exists at most one hall of level n contained in P (see Suhsection \2.!^) . 



Proof. We proceed by induction. For n = 1 the previous lemma implies (i)-(iii). 
Consider n > 2 and suppose that (i)-(iii) hold for l,...,n— 1. We show that 
(i)-(iii) hold for n: 

Note that P\D„{Co)^ ^n(Co). 

To prove (i) we proceed by contradiction and suppose that P contains £'n(Co) and 
another level n ball Dn{Ci). By the inductive hypothesis, the unique ball inside 
ip{P) is Dn-i{ip{Co))- Therefore, degp((/?) = 2 and P contains the critical point 
0)+ which has to be outside ip~^ {Dn-i{ip{Co))) ■ Hence, ip{iJ^) £ A,i_i((^(Co)) C 
L \ K{ip) which contradicts the hypothesis of the lemma. 



From (i) we have that ip ^ (£>„_! ((/^(Co))) n P = £)„(Co)- Hence .^(A„(Co)) = 
(^(P\Z?„(Co)) = ^{P) \ Dn-iiifiiCo)) = A„_i((^(Co)) and (ii) follows. 



(ii) ¥'(A„(Co)) = A„_i(^(Co)) and A„(Co) C L \ i^((^). 
(a) ip>{A„{E)) = A„.i{^{E)) andAn{E)(lh\K{f). 
(iii) 




(ill') 
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For (iii) since (^^-^(A„^i((^(^o)))nP = An{Co), the degree ofi^in An{Co) coincides 
with that of (p in P. The degree of (/3 in P is 1 or 2 according to whether uj~^ ^ P 
or UJ+ G P. From (i), a;+ S P if and only if uj+ G £)„(Co)- Thus (ui) holds. 

Choosing C^o S Dn{E) parts (ii') and (ui') follow as well. □ 

Following Branner and Hubbard |BH2j we will introduce marked grids and 
tableaux in order to keep track of the moduli of annuli. 

Notation 4.3. Let i,k > be integers. Given C € L such that (k — f'^iO is a 
level i point we denote by Ai^kiC) the level i annulus ^^(Cfe) around Cfe- Similarly, 
if E is an end, we denote by Ae^k{E) the level £ annulus of (p'^{E). 

Definition 4.4. Let ( be a level n E N point. The level n tableaux of (, denoted 
T,i(C) or simply T(C), is the two dimensional array: 

T(C) := {A,MC)) 

where < £,k and £ + k < n. The level n marked grid, denoted M„(C) or 
sometimes simply M(C) is the two dimensional array (Mi^kiC)) where <£,k and 
' + k < n and 

1 tf AMC) = Ai{u;+) 
ierwise. 

If C G K{ip), then the tableaux of Q is the infinite array of annuli T(C) = (^£,fc(C)) 
and the marked grid is M(C) — (Mi^kiC)) where £,k > 0. Similarly, given an end 
E we define the corresponding tableauxT{E) = {Ai^k{E)) and marked grid'M.{E) = 
{Mi^k{E)) where Mi,k{E) is or 1 according to whether Ai^k{E){Lu^) ^ A^^kiE) or 
AeME)i^+)^AeME). 

Marked grids are useful to compute the moduli of the annuli of the corresponding 
tableaux. In fact, from Lemma [4. 21 if C is a level n point, let 

e-i 

5, = ^Af,_,,,(C). 

i=0 

Then 

modA£(C) = 2-^' modAo 

for all £ < n. 

Marked grids satisfy four simple rules: 

Proposition 4.5. Suppose that lo^ is a level n point. Given a level n point C (resp. 
an end E) let Mi^k = Mi^kiC) (resp. Mi^k = J^i,k{E)) for £ -\- k < n. Then the 
following hold: 

(Ma) If £ + k < n and Mi^k is marked, then Mj^k are marked for all j < £. 

(Mb) If£ + k < n and Mf^k is marked, then Mg-i^k+i — Mi-i^i{uj^) forO <i<£. 

(Mc) If £ + m + 1 < n and Me-i^i{LU^) is not marked for all < i < k, 
Mf+i_fc^fc(a;+) is marked, Mi^m is marked, and Mi^i^m is not marked, then Alg^i^k.m+k 
is not marked. 

(Md) If£ + k + l<n and Mi^i{lo^) is not marked, Mi_k is marked, Af^+i^fc is 
not marked and Mi^i^k+i is not marked for < i < £, then Mi^k+e is marked. 

Definition 4.6. A two dimensional array M = {M£^k)e,k>o such that M^^k € {0, 1} 
is called an admissible marked grid if (Ma)-(Md) of Proposition P3| hold for 
all n. If moreover Mi^q is marked for all £, then we say that M is an admissible 
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critical marked grid. Similarly, an array M„ = (Af^.fc) where £ + k < n for 
which (Ma)-(Md) hold is called an admissible marked grid of level n. 

Remark 4.7. The rule (Md) implies the fourth rule in |Ha| but not conversely. In 
fact, let M = [Mi^k) be such that 1 = A/54 = ^ha = ^5,3 and 1 = Mi^ = Mo^fc 
for all ^, fc > but all the other positions are unmarked (i.e., 0). Then M satisfies 
the first three rules but not the fourth. Such a grid is not the critical marked grid 
of a cubic polynomial. 

Proof. We may assume that Mg^k = Mf^^kiC) for some C G V "(-Do)- As usual, let 



(Ma) follows directly from the definitions. 

For (Mb) note that if Mg^k is marked, then Ag^kiO — -^tfii'^^)- Therefore, 
Ai_i^k+r = ip\Ai{Ck)) = ip'iAe{uj+)) = Ae_,4uj+). 

Under the hypothesis of (Mc) it follows that C,„ G Dg{uj^) \ Z3£+i(cc)+). Since 
D^+i(a;"'") is the only preimage of Dg{(p{uj^)) inside De{uj'^), we conclude that 
Cm+i € De-i{(p{uj'^))\Dg{(p{uj^)). Now If'' is one-to-one on D£_i((/?(Li;+)), there- 
fore Cm+k G Df-fc (</?*= (t^+)) \ Di^k+i{f''{^^^))- By assumption Mg^k+iA^^) is 
marked, thus L'^_fc+i(V5''(ti;+)) = Di-k+i{L^^)- Hence, -D^-fc+i (Cm+fe) 7^ -D£-fc+i(cj+) 
and Me-k+i,m+k is unmarked. 

Now under the hypothesis of (Md) we have that (k G De{uj^) \ De^i{uj^). It 
follows that Ck+e G Z^o \ £'i(/(w+)). By hypothesis, Di{(p\uj+)) = £'1(7+) ^ 
Di{uj'^) where 7"'" is the cocritical point of cj+. Therefore, (^k+e G Di{uj~^) because 
there are only two level 1 balls. Hence Mi^k+i is marked. □ 

The marked grid of the critical point plays a central role. If lo'^ G K{(p), then the 
critical marked grid (M£,fc(ci;+)) is defined for all ^, fc > 0. In this case, the critical 
marked grid is said to be periodic of period p > if the p-th column is marked. 
That is, M£,p(uj~^) = 1 for all > and p > is minimal with this property. 

For tableaux such that the corresponding grid satisfy (Ma)-(Mc) of Proposi- 
tion 14.51 and part (iii) of Lemma 14.21 Branner and Hubbard (see Theorem 4.3 
in [BH2j) established the following: 

Theorem 4.8 (Branner and Hubbard). Suppose that tp is a cubic polynomial such 
that Rip ~ diamiir(<y9), uj^ G K{ip) and uj~ (ji K{}p). Then: 
(i) If the critical marked grid is not periodic, then 



is convergent if and only if there exists k > such that A{^k{E) = Ai{uj^) for all 



From Lemma I2. 131 we obtain the following: 

Corollary 4.9. Suppose that (p is a cubic polynomial such that = diam K{ip), 
Lu^ G K{ip) and uj^ ^ K{(f). Then: 

(i) The critical marked grid is not periodic if and only if the intersection of every 
end is a singleton. 



Ck = ^'=(0- 



"^mod Ai{E) 



l>0 

is divergent for all ends. 

(ii) If the critical marked grid is periodic, then 




1>Q. 



Jan Kiwi 



17 



(ii) The critical marked grid is periodic if and only if the infraconnected compo- 
nent of K{ip) which contains the critical point is a periodic ball. 

4.2. Dynamical space results. Now we are ready to prove a stronger version of 
Ttieorem ^ 

Theorem 4.10. Let f € L[C] be a cubic polynomial. Then the following hold: 

(i) Every end of if has non-empty intersection. 

(ii) Every infraconnected component of K{(p) is either a closed ball or a point. 
(Hi) An infraconnected component C of K[ip) is a closed ball if and only if 

C eventually maps onto a periodic infraconnected component containing a critical 
point. 

Proof. By Tlieorem 13.11 and Corollarv l2.11l we may assume that ip has one critical 
point uj~ escaping to oo and another one w"*" in K{(p). Moreover, we may also 
assume that is normalized so that R^p = A\caaK{ip) (Lemma 12. 7|l . Therefore the 
definitions and results of Subsection 14. II applv to (f. 

Let E be an end. If then the intersection of is a point. If rn{E) -f* 0, 

then for some fc > we have that uj^ S ip''{Dn{E)) for all n > 0, by Theorem l4.8l 
In particular r)Dn{E) ^ and (i) follows. 

Also note that K{ip) has a non-trivial infraconnected component if and only if the 
critical marked grid of if is periodic. In this case, every non-trivial infraconnected 
component eventually maps onto the periodic infraconnected component C{lu^) = 
nD„(w+). Therefore, to finish the proof of the theorem, it suffices to show that 
C{lu~^) is a closed ball when the critical marked grid is periodic. In fact, if M(ci;+) 
is periodic, say of period p, then there exists £o such that 

mod Ag+p{uj^) = -modAe{oj^) 



for all £ > io- It follows that 

1 



oo 



mod^o 

" 1=0 



mod At {lo'^) 



is rational and therefore the radius of C{lo^) is f° e \^*\o where f is the radius 
oi^{Da). □ 

Corollary 4.11. Let (p G V^i'V) be a cubic polynomial. Then the following are 
equivalent: 

(i) J{(p) is compact. 

(ii) J{ip)=K{ip). 

(Hi) All the cycles of (p are repelling. 

(iv) ip either has all its critical points escaping or it has exactly one critical point 
(counting multiplicities) which is non-escaping and the corresponding marked grid 
is not periodic. 

Proof. In view of Lemma [2.101 and Corollarv l2 . 1 21 and we only have to prove that 
(iii) implies (iv) and (iv) implies (i). 

(iii) =4> (iv): If (iv) does not hold, then ip is in the infraconnectedness locus 
or is in f ^(L) but the corresponding critical marked grid is periodic. In both cases 
there exists a periodic infraconnected component B say of period p which is a closed 
ball that contains a critical point fCoroUarv I4.9|l . By Lemma [2.51 . pP : B B 
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would have a fixed point, which by Schwarz Lemma 12.41 would be non-repelling. 
Hence (iii) does not hold. 

(iv) (i): If we assume that g 53(L) or (/? e £^(L) and the corresponding 

critical marked grid is not periodic, then the intersection of every end is a point. 
Now let {C,k\ C J{}p) be a sequence. Then there exists an end E and a subsequence 
{Cfei} such that for all n, there exists zq for which Cfei € Dn{E) for all i > io. Since 
the intersection of is a point, say (, it follows that Cfci — ^ C G J{(p)- n 

We end this section with a basic result about the topological entropy of cubic 
polynomials: 

Proposition 4.12. Let ip : 1, ^ 1, be a cubic polynomial. For a compact invariant 
subset X of J (if) we denote by htopi^p, X) the topological entropy of ip : X X. If 
J{ip) ^ then 

htopiv) ■= sup htopip, X) = log3. 

X 

Proof. Suppose that (p is normalized so that — diam K{ip). We may assume 
that ip has exactly one critical point in K{ip), for otherwise J(</?) = or (/? : 
Ji^p) J{f) is topologically conjugated to the one-sided shift on 3 symbols. In 
the latter case the topological entropy is clearly log 3. 

Let Ends be the set of all ends of p endowed with the metric defined by 
p{{Dn}, {D'^}) — l/(fc + 1) if fc is the largest integer such that Dk — D'^. Denote 
by p^ the action induced by p on Ends. For ^ S K{p), the map tt : C {!)„(()} 
is a semiconjugacy between p : K{ip) — > K{p) and p^ : Ends Ends. Since the 
number of dynamicals balls of level n is (3" + l)/2, it follows that the topological 
entropy of ip^f^ is exactly log 3. 

If the marked grid of lo^ is not periodic, then J{p) is compact and tt : J{p) — > 
Ends is a topological conjugacy. Hence, the claim of the proposition follows in this 
case. 

In the case that the marked grid of uj^ is periodic denote by E* the critical end. 
From Lemma 13.31 we obtain consider a labelling L of the level n balls which, after 
switching symbols if necessary, is such that: 

lim L{D„iE*) = {1,2}. 

Now consider the itinerary function 

«i:Ends^{{l},{2},{3},{l,2}nW 

defined by 

tt{E) = iik{E))k>o = ( lim L{DniipUE))))k>o. 

n — >oo ^ 

Observe that ik{E) — {1,2} if and only if p^{E) is the critical end E* . Moreover 
the image of Ends is characterized as the sequences [ik] such that if there exists 
> so that ik+e. C ie{E*) for all £>0, then ik+e = ie{E*). Also, iton is injective 
over the Julia set and it o tt{J{p})) is the set of all itineraries (in the image of it) 
with no symbol equal to {1,2}. So it is sufficient to construct compact subsets of 
ito'K{J{p)) invariant under the one-sided shift a with topological entropy arbitrarily 
close to log 3. For this, let p denote the period of E* and for each N > p, consider 
the set Yat of all symbol sequences (ik) with ik ^ {1, 2} for all fc > and such that 
for some < j < TV and all € > 

iiN+j = iiN+i+j — ■ ■ ■ — iiN+p-i+j — {3}. 
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Since the topological entropy of cr : Y/v — > Yat is (1 — pN ^) log 3, the proposition 
follows. □ 

It is worth to mention that ip^ : Ends Ends is topologically conjugated to 
the dynamics of Lp over the Julia set of ip in the Berkovich analytic space induced by 
L (compare with ^R2, R3 ). The complement of 7r(J((y9)) consists of all ends which 
have empty or non-trivial intersection. Favre and Rivera's construction in |FaR| 
produces an equilibrium measure supported in the Berkovich space Julia set of ip. 
It is natural to expect that their measure corresponds to a measure of maximal 
entropy for p)^. 

5. Parameter space 

Recall that we work in the parameter space 7^3 (L) of monic centered cubic poly- 
nomials with marked critical points. That is, 

{pa.,p e L[C] / VcAO - - 3a'C + P for some (a, /?) e L^} 

which is naturally identified with L^. Note that the critical points of pa,f3 are ±a. 

The infraconnectedness locus C-i{V) is the subset of 7'3(L) = \? formed 
by all the cubic polynomials with infraconnected filled Julia set. According to 
Corollarv l2.11l ipa,p G C3(L) if and only if ±a G K{(pajj)- 

The shift locus 53 (L) is the subset of V^ih) = formed by all the cubic 
polynomials with both critical points escaping. 

The rest of parameter space splits into two sets £+(L) and £^{L) where 

f +(L) := {p^^p / + a e K{.p) ^ -a) 

and 

£-{V} := {ipa,i3 / - a e K{lp) ^ +a}. 
A quick computation leads to the following result. 
Proposition 5.1. 

C3(L) = i3+(0) X B+(0). 

53(L) D {p^^piC^{m\a\l^\fil}. 

5±(L) C /!< = |/3|„ and I T2a3 + /3|o < |a|o}. 

Since conjugation of ipa,[3 by C ~C gives p^-a.-p, to describe how polynomials 
are organized in 

{pa..,0 1 1 < = \(5\o and | T Sa^ /3|o < \a\o} 
it is sufficient to understand the structure of 

{(Pc^ / 1 < \a\l = |/3|o and \ ^ < |a|o}. 

Our aim is to study this set in detail. For this purpose: 

Throughout this section we fix a E h such that \a\o > 1 and let (pp = 
Let 

£^ := {(3 I \a\l = and + /3|o < |a| J. 

To simplify notation, we identify £^ with {ipp e 7^3 (L) //3 e }. 
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Remark 5.2. We use the upper-script ip to distinguish the sets associated to the 
family tpp from the corresponding sets associated to another family ipy. The family 
ij^i, will be introduced in the next subsection. 

Lemma 5.3. Let ip = tpfj Cz £q . Then the following hold: 

(i) Rip = \a\o = dia.inK{ip). 

(ii) (p{^a) ^ Dq 3 (p(a) where Dq = (0) is the level ball of ip. 

Proof. From the definition of Rip it follows that Rip = \a\o- By inspection of 
the Newton polygon of ip{C,) — C it follows that ip has 3 fixed points CijC2,C3 i^i 
{|C|o = \o\o}- Since Ci + C2 + Ca = 0, at least two of the fixed points are at distance 
\a\o from each other. Hence \a\o = d\am.K{p}). The rest of the lemma is also 
straightforward. □ 

From the previous lemma, for all Lpp S £q we have that = dia.'m K [tp p) ^ 
—a (fi K(ipp) and ^pia) G Dq . Thus, the assumptions and therefore the definitions 
and results contained in Subsection 14. II apply to tpp <E E"^ . 

Theorem 5.4. Consider an admissible critical marked grid M and let 

Cm := {/3 e fo'' / " e K{p}p) and M = M^(a)} 

where M''(a) is the marked grid of the critical point a under iterations ofp>p. Then 
the following hold: 

(i) IfM. is periodic, then Cm is a non-empty union of finitely many closed and 
pairwise disjoint balls. 

(ii) //M is not periodic, then Cm is a non-empty compact set and 

We prove this theorem in Subsection 15.41 The proof relies on describing how 
polynomials are organized in £q . To describe £q , for rt > we introduce the sets 

Note that £^ is a finite disjoint union of closed balls. Each of these balls is called 
a (^—parameter ball of level n. 

A level n dynamical ball of pp G £'q which contains ^ will be denoted by -D^(C). 
The level n marked grid of a point ( by M^(^) and the corresponding entries by 

Definition 5.5. Let n G N. We say that pp G £q is a center of level n if for 

some p > 1: 

(i) p^{c() — a and, 

(ii) a i p%{Dl^^{a)) for k ^ 1, . . . ,p ~ I. 
We say that p is the period of the center pp. 

The correspondence between level n dynamical and parameter balls is stated in 
the next proposition. 

Proposition 5.6. Let Vn be a level n parameter ball. Then the following hold: 

(i) - D!^ipp{a)) + 2a3 /^^ ^11 /3 G P„. 

(ii) M^+i(a) = M(^^i(a) for all /?,/?' G I?„. 

(Hi) There exists a unique center of level n in T>n. The period of this center is 
mm{k > 1 /Mf+i_fc_;^(a) = 1} for any (3 G P„. 
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The proof of this proposition is in Subsection 15.31 

In particular, the above proposition shows that the radius of I?„ is easily com- 
puted from M(^_|_]^(a) for any [3 S I?„ and coincides with the radius of the level n 
dynamical ball around the critical value ipfj{a). The proposition also says that if 
(3 e I?„ and the critical point a is periodic of period q under ipfj, then q > p where 
p is the period of the center of Moreover, p ~ q if and only if ipp is the unique 
level n center in I?„. 

The next proposition describes the correspondence between level n + 1 parameter 
and dynamical balls. 

Proposition 5.7. Consider a level n parameter ball T^n and let P be an element 
of the affine partition associated to 2?„ . For any (3 G Vn we have the following: 

There exists a level n + 1 parameter ball contained in P if and only if there exists 
a level n + 1 dynamical ball -Df+i(C) contained in P ~ 2a^ . In this case, the level 
n + 1 parameter ball 'Dn+i is unique and 

for all 13' G I?ri+i- In particular, the radii of D^^j^-^^(C,) and T>n+i coincide. 

The proof of this proposition is also given is Subsection 15.31 The above propo- 
sitions are easier to prove after a change of coordinates in the dynamical and pa- 
rameter spaces. 

5.1. Change of coordinates. To prove our parameter space results is more com- 
fortable to work with the family 

MO = MAC) = «'(C - 1)'(C + + 
where G L. Note that the critical points of are M = ±1 and 'ijji,{—2) = 
ip^{uj^ = +1) — V. Moreover, since a 7^ the polynomial "01/ is conjugate via 
C, aQ to ipfj where 

f3 = aiy + 2a^. 
Observe that ipp ^ £q if and only if < 1 so we let 

£^ {i. G L / \,y\o < 1} = {0. / W\o < 1}. 

For all ly G £^ , the level dynamical baU of is B+{0) and ip^{D^) = 
S+p(0). Also, ip^M) G D^, MM i Do and diami4:(V'^) = 1. So we are under 
the assumptions of Subsection 14. II 

We let 

£i:^{ue£^o /rMiM^D^o}- 
This set is also the union of finitely many closed and disjoint balls which we call 
■^-parameter balls of level n. 

Here we denote the level n ball of -01/ G £^ containing ( by £'J^(C), the radius of 
I^niO by rf^{C), the level n annulus around C by A'^{Q and the level n marked grid 
of C by M;;(C) with entries MMO- 

Similarly than in the i^s-parameter space we say that ipv G ^0 ^ center of 
level n if 

(i) MM = and 

(ii) u+ i MDM(^^)) for fc = 1, . . . ,p - 1. 
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The next lemma is a straightforward consequence of the change of coordinates 
involved. We omit the proof. 

Lemma 5.8. Let (3 and v he such that (3 = av + 2a^ G Eq . Then the following 
hold: 

(i) Z3J^ is a level n dynamical hall of if and only if — a.D'^ is a level n 
dynamical hall ofipfj. 

(a) ipi, G £^ if and only if tpp £ In particular, D"^ is a ip -parameter hall of 
level n if and only ifDf^ — oDf^ + 2a'^ is a ip-parameter hall of level n. 
(Hi) ipn is a center of level n if and only if Lpp is a center of level n. 

5.2. Thurston map. Our next result is the key to prove propositions 15. 61 and 15. 71 
It shows that given a polynomial -i/'jy and a level n + 1 dynamical ball Z^n+i inside 
the critical value ball of level n there exists a parameter v' close to the level n + 1 
ball Dn+i such that the critical point of ip^' is periodic with orbit close to that of 
the points in The precise statement is as follows: 

Proposition 5.9. Consider a parameter v £ f^f and let C,i he a level n + 1 point 
such that L'^+ilCi) C D^^^iv). For fc > 0, let Cfe+i V4(Ci) and 

p = min{A;>l/c^+eZ?f,+2_,(a)}. 

Then there exists a unique v' such that: 
W W'-Ci\o<r:{i)). 
(n) ^Pl,{u,+) = C0+ . 

This subsection is devoted to the proof of this proposition so throughout we 
consider v, C,k and p as above. The parameter v' is obtained as the first coordinate 
of the fixed point of an appropriate "Thurston map" which acts on: 

B:={(Ci,...,Cp = ^+) /ia-aio<Pfc} 

where pk = <+i_fe(Cfc)- 

We start with two lemmas which apply to an arbitrary v G 

Lemma 5.10. Let n > he an integer and consider v € For k > 1, let 

i.fc=V^(^+)- Then 
(^) 

fnM < rl+i^ki^k) fork^2,...,n. 

(ii) Assume that C,i is a level n + 1 point in Z?^(i^). For k > 1, let Cfc+i = '4'tiCi) 
and 

p = min{fc>l/c^+e7^,:^+2-fc(a)}- 

Then 

<+2-(fc+l)(Cfc+l) = ■ \Ck-UJ+\o ■ <+2-fc(Cfc) 

for all k — 1, . . . ,p — 1. 

Proof. For each I such that Q < t < n + \ — k let 5{t) > 1 he the integer such that 
^£+5(^)('^fc-5(f)) is critical but is not critical for all < i < 5{tj. To find 

such an integer 5{t} start at Ag^ki'-^^) in the critical marked grid and follow the 
southwest diagonal until you hit a critical position. The number of columns that 
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you moved to the left is S{£). Note that £ + 6{£) is a strictly increasing function of 
£ and < £ + S{e) <n + l. Moreover, 

2mod^^_i_5(^)(tj+) = 2mod^^+5(^)(i^fc_5(£)) = modyl^(z^fc). 
Since MD^) = ^H^lO) and modA^ = log|a|2, 

n n+1 

log|a|^ -log<(i^) = ^modA^^(!^) = 2-^modA^^(tj+) 

e=Q e=i 

n+1 — 71+1 — /c 



> 2- ^ niodA,\5(,)(w+) = ^ modA,^(t/fc) 
= log|a|o-log<_^i_fe(i^/c). 



2 mod (a) 



Hence (i) follows. 

Now we prove (ii). Fix k > 1 and let £ be such that A'^{(k) is marked but 

^^+i(Cfc) is not. It follows that D^{uj+) = D1{Ck) and ^ Z^^^ilCfe)- By 
Lemma 

Note that: 

log|a|4 ifj^O 
mod^^-_i(Cfc+i) ifl<j<£ 
Also, mod^J(Cfc) = modv45'_i(Cfc+i) if j > ^ + 1. Hence: 

ri+2-(fe+l) 

log|a|^-log<+2-(fe+i)(a+i)=log|a|^+ E niod^^^(a+i) 

t n+2-fc 

= 2.^modA^^(a)+ ^ modA^^(a) 

3=0 j=i+l 

= log|a|^-logr,^(a)+log|a|2 

-log<+2-fe(Cfc)- 

Statement (ii) follows after replacing r'^iCk) by \(k — i-^^|o. n 

Lemma 5.11. Consider n> 1 and v & £^ . Let v' G and, for all k > 0, let 

Vk = tpti^'^) '^'^'^ '^k ~ V'^'('-^^)- Then for all k such that < k < n the following 
hold: 

(i) i?j:+i-fe('^fc) = D-l+i-kiO- In particular, M^+i(^+) = M.i^^{uj+). 

(ii) Let Vn+i-k be the affine partition associated to D'^^^_i^{iyk), then: 

— ■ 'Pn+l-k '^n+l-(fc+l)- 

Proof. Let k be such that < k <n and (' e Dn+i-ki'^k)- Then 

IV-.'lO-^fe+ilo = \^,,{C)-MC) + MC')->^k+i\o 

< max{<(z^), li^i^iC) ~ i^k+i\o} 

< <+i-(k+i)i^k+i)- 

Therefore, tA^^C) € i?:+i_(fc+i)(i^fc+i). Hence V^::,+'"'(i?,':+i_fc(^^fc)) C Do and 
>^'k e i?r.+i-fc(^fc) C In particular, > and G i^^^' 
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After switching v for v' and repeating the above argument it follows that D^^ j^^_^iv'^^ C 

-^n+i-fcl'^fc) (i) follows. 

For (ii), let P be an element of the partition Vn+\-k and choose C ^ P- Then 

\MC)-^.'iO\o<rUi^)<r';,+,_^,+,y 

Therefore, ^,,{P) = MP) e Vn+i-{k+i)- □ 

Lemma 5.12. Let 

B:={(Ci,...,Cp = ^+) /ia-aio<Pfc} 

where pk — fn+i-kiCk)- Then for each (Ci,...,^p) G B there exists a unique 
(CI , . . . , C^) e B such that V-Ci (Cfc) = Cfc+i forl<k<p. 

Proof. Let Vn+i-k be the partition associated to Dn+i-kiCk) and denote by 
P{C) — Bp^{() the element of Vn+i-k that contains (. Since ip^-^^^, — ipo* ■ 
Vn+i-k Pn+i-(k+i) and ipa : P{Ck) ^ P{(k+i) is one-to-one for 1 < fc < p 
we have that i/'Ci ■ P{Ck) P{Ck+i) is also one-to-one. Therefore, there exists a 
unique € P{Ck) such that Vci (CD = Cfe+i e ^(Cfe-Hi)- ° 
We may now define a Thurston map as 

T : B B 

(Ci,...,Cp) ^ (c(,...,a) 

if V'Ci(Cfc) = Cfe+i for aU A: = 1, . . . 1. 

Lemma 5.13. A parameter v' is such that (i) and (ii) of Provosition TU^ hold if 
and only if [y' , ip1, [lj'^), . . . , ip^7^ {uj^) , LiJ^) is a fixed point of T . 

Proof. Given v' such that (i) of Proposition lS^ holds. by Lcmma [5.11l fii). for k = 

1, . . . we have that IV'^, (c^+)-Cfe|o < Pk- Therefore, {v' , (w+), . . . , iIj17\uj+),uj+) 

belongs to B and clearly is a fixed point of T. The converse is straightforward. □ 

It follows that to prove the proposition is sufficient to show that T has a unique 
fixed point. 

In L^" we consider the sup-norm: 

lie = (Ci, • • -,(35)1100 := max{|Ci|o, ■ ■ ■ , \Cp\o}- 

Lemma 5.14. For all C, — (Ci, . . • , Qp) G B iwe have that T"{Q converges to a fixed 
point of T . 



(0) ^(0)^ 

(0)n 



Proof. Consider (C} % ...Xp)^^ and let 



(cr,...,cr)=^"(cr,---,cr)- 



For fc = l,...,p— 1, 



< , ^, •max{ici:\-ci:r^uid"^~cr^i} 

|a|olCfc -t^+|o 

= ^ max{ici!;\ - ci:r^ lo, id"^ - Q^r'' w 

Pk+l 

Hence, for all n, there exist ki, . . . ,kj such that I < ki < p ^ 1, ki + ■ ■ ■ + kj — n, 
and 

_ ^J^ ^^^^,^(0^^ „ ^1^^ 1^(0) _ 
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Now let 



A = max <j — / fc = 2, . . . ,p - 1 S> < 1. 



Since, j > jhyi it follows that 

id"+'^-d"+'^io<A*^iic(")-c«iioo. 

Therefore, ^^"^ converges to some Ci°°'' &s n oo and = V'^coo) (Ci°°^) 



for fc = 1, . . . ,p - 1. It follows that (Cl°°\ . . . , 4°°^) is a fixed point for T. □ 
Lemma 5.15. T has a unique fixed point in B. 



Proof. Suppose that C = (Ci i • • ■ j Cp) ^^^d ry = (771 , ... , r^p) are fixed points of T. For 



A: = 1, ... ,p - 1 the polynomial /i : C a^(C - 1)^(C + 2) maps Bp^^ = Sp^^ (ryfc) 



isomorphically onto its image and 

i§(a)io = iai^ia-^+io. 

dC, 

Therefore, 

ICfe+i - + ?7i - Clio = |/i(C/c) - ^('7*;)|o 

= \Qk~ilk\o\a\l\Ck~u}^\o- 

Hence, 

= -^niax{|Cfc+i - 77fe+i|o, I??! - Ci|o}- 

Pk+l 

It follows that for some k such that 2 < k < p: 

ICi - 'yilo < —\m - Ci|o. 

Since pi < pk we have that Ci = 771 and C = V- '-' 

5.3. Parameter balls. Here we prove simultaneously propositions lS.GI and lETZI with 
their analogues for the family ip^. 

Proposition 5.16. Let T)'^ be a ijj -parameter ball of level n. Then the following 
hold: 

(i) Vt = D-M) for allv^Vi. 

(ii) M;;+i(a>+) = for all v' € I?t 

(Hi) There exists a unique center of level n in . The period of this center is 
min{fc > 1 /M,'^+,„fc ,^(w+) = 1} for any v&V^. 

Proof of Propositions 15.61 and 15.161 In view of Lemma 15.81 we just have to 
prove the above proposition concerning the family tpu. By Lemma 15.111 (i) we have 
that -D^(i/) C for all v ^V^- Moreover, for all v, v' eV^, the dynamical balls 
D'^{v) and DJ^ {v') are equal or disjoint. By Proposition 15.91 for each v G the 
ball -DJ^(j^) contains at least one element of the finite set 

{v / = w+ for some 1 < fc < n + 2}. 
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It follows that Vt ~ ^i^(^T>„D'^{v) is a finite union of closed and pairwise disjoint 
balls. This is only possible if = D'^^{v) for aU V G 'Dn- Hence we have proven 
statement (i). Statement (ii) now follows from Lemma 15.111 (i). 

For (iii), let v G Vf^ and note that v e D'^^{v) C D^_^{v). Let p = min{fc > 
1 / G Z3^^-^_j,(-!/'^([x)+))}. Proposition l5.9l savs that there exists a unique v' such 
that i}}l,{uj+) = and \v' - v\o < We must show that ly' G Vf. In fact, 

since a;+ G i/'s^ {Dni'^)) there exist a level n + 1 ball 1)^+1(^1) in D'^i{i') that maps 
onto Di{ui^) under By Proposition 15.91 we have that \v' ~ Ci|o < fni^)- 

Therefore v' eVf. □ 

Corollary 5.17. If oj^ G K{ipiy) and M'^(tj+) is not periodic andVf^ is the level 
n parameter hall containing v, then {v} = HPJ^. 

Proposition 5.18. Consider a level n parameter hallDf^ and let P he an element 
of the affine partition associated to Df^. For any v G v^e have the following'. 

There exists a level n + 1 parameter hall contained in P if and only if there exists 
a level n + 1 dynamical hall £^^+i(C) contained in P. In this case, the level n+1 
parameter hall T^f^^i is unique and 

m;;+i(C)-m:;;i(^') 

for all v' G T)f^_^_i. In particular, the radii of D'^_i^i{C,) and coincide. 

Proof of Propositions [STTI and 15.181 As in the previous proof, we just have to 
prove the above proposition concerning the family iIj^. By Proposition 15.91 if an 
element P of the partition Vn associated to contains a level n+1 dynamical 
ball of some -ipu with 1/ G — D'^{i'), then P contains a level n + 1 parameter 
ball. Conversely, if P contains a parameter ball T>^^^ of level n + 1 and i^' G 
then ■0^',(P) = V^iP) for all v (zV^. Moreover, since ip"'{i^') is a level 1 point we 
have that = Bi{uj^) or Bi{—2). In either case the preimage of Di{uj'^) or 

Di{—2) under : P ^ Bi{llj^) or ij}^ : P ^ Bi{—2) is a level n+1 dynamical 
ball contained in P. 

We must show that P contains at most one parameter ball of level n + 1. Suppose 
that T>n+i and T>',,ij^i are level n + 1 parameter balls contained in P. From Propo- 
sition!^^ it is sufficient to show that the periods p and p' of their centers ji and p' 
coincide. By Lemma r5.11l we have that ip^{P) = f/'^/ (P) for fc = 1, . . . , n. Moreover, 
since there is at most one dynamical ball inside ipfi~^{P) and D'^^j^{fi) — T>n+i C P 
we have that: lu+ G ^f,{D>:^+2i^+)) = ^^^-'(K+M) C ^^^(P) if and only if 

UJ+ G ^p^'^iP). Similarly, lu+ G V'^' (^^^+2(^+)) if and only if lu+ G V'^r^(P). 
Therefore, p — p' . 

Now let P be an element of the affine partition of Vf and let ly G . Suppose 
that there exists a level n+1 parameter ball T>n+i C P and a level n+1 dynamical 
ball C P. To complete the proof of the proposition, given i/' G Dn+i we 

must show that 

m5;+i(C) = m:;;i(^')- 

Since ( e Dni'') we have that M;;(C) = M';[{iy) = M';^{iy'). Thus we just need 
to prove that lj+ G (0) if and only if cj+ G i^^i'+i-fcC^^ (^')), for aU 

fc = 0, . . . , n+1. Since ly' G D!^{i'), Lemma r5 . 1 ll implies that -01/* = ipi^'* ■ Vn+i-k 
Pn+i-{k+i) for all k such that 1 < fc < n, where Vn+i-k is the affine partition 
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associated to = A';'+i-fe(V^''(^+))- ^ow lo+ e AVi-fc(V'^(C)) if 

and only if tj+ e i^liP) and uj+ e iJ^,iP) if and only if uj+ e -C)Jj'_^;^_j,(V'^,(z^')). 
Therefore the proposition follows from the fact that tp^ (P) — ip^, (P) . □ 

5.4. Realization. In order to prove Theorem 15. 41 we first have to show that every 
admissible critical marked grid of level n is realized by a cubic polynomial. 

Proposition 5.19. Let n > and M„+i be an admissible critical marked grid of 
level n + 1. Then there exists v € £^ such that ]V[5^_(_]^(cj'*') — M„+i. 

Proof. Since the proposition is clearly true for n — Q we proceed by induction. 
That is we suppose that M„+2 is an admissible critical marked grid of level n+2 and 
€ 5^ is such that M5^j^j^(ti>+) coincides with M„+2 in all the positions (£, fc) with 
£ + fc < n + 1. By Proposition it suffices to show that there exists a level n + 1 
point C contained in D^rXv) such that M5'j_(_]^(C) coincides with the grid obtained 
from ]V[„_(-2 after erasing its first column. For this purpose let Vj = ipKuj'^), p be 
the minimal fc > 1 such that the (n + 2 — k,k) position of M„_|_2 is marked and 
fci, . . . , km be such that < ki < ■ ■ ■ < km < P and {n + I — is marked in 
M„+2 if and only if j — ki for some i. 

Our task boils down to find a dynamical ball Dn+i of level n + 1 contained in 
such that UJ+ i Ai+i U • • • U and VTHA^+i) = I?„+2-p(tc+). 

We first claim that there exist 2 level n + 2 — fc^ dynamical balls and 
contained in -D|^^x-fe (^fc™) such that for i = 0, 1 we have that w+ ^ Sj„ U • • • U 
^p-i-fcm ^^i^-j g (_B^). There are two cases according to whether 

p < n + 2 or p = n + 2. 

In the case that p < n+2, by (Mc) of Proposition l4.5l gra — ^/'JJ"'"''" : £>^_|_i_j. (i^fc„) 
D"n^\-p{vp) has degree 2 and (7m(aj+) ^ £>^_,_2-p('^^)- Hence, in this case we let 
and be the two preimages of iD^+2-p('^^) under t/m- 

In the case that p = n + 2 , by (Md) of Proposition l4.5l the position ( 1 , n + 1 — fcm) 
in M„+2 is marked (otherwise, taking i — n ^ \ — km and k = km in (Md) we 
would have that Mi^„+i would be marked and therefore p — 71 -\- 1). Hence, g^^i — 
^n+i-fc™ . D';^^^_^JiykJ Do has degree 2 and g™(w+) G Di{uj+). Therefore, 
in this case, we let i?°„ and B^^-^ be the two preimages of Di{—2) under gm- 

We now claim that for all j = 1, . • . , m there exist at least 2 level n + 2 — kj 
dynamical balls Bj and Bj contained in . (i^fcj ) such that for i = 0, 1 we 

have that w+ ^ U • • • U {B)) and w+ € iZ'''' {B]). In fact, for j = m we 

have already established this so we may assume the above true for j + 1 and prove 
it for j. Since g, = ; I^^+i^fc^ (z^fc, ) ~^ K+i-k,+,i'^k,+^) has degree 2, it 

follows that at least one of the two balls Pj+i does not contain gj{u!^), say 

Bj_^_l, and we may let Bj and Bj be the preimages of Bj+i under g^. 

Finally, note that go — V'^^"^ ■ D'^{i/) Dn+i-ki{i^ki) is one-to-one. The 
preimage of B^ under go is a level n + 1 dynamical ball Dn+i contained in D'j[{h') 
and such that u;+ ^ D„+i U • • • U ipP'^iDn+i) and w+ e ^^^-^(Dn+i). □ 

Again we simultaneously proof Theorem 15.41 and the corresponding version for 
the family Tp^. 

Theorem 5.20. Consider an admissible critical marked grid M and let 
C^i ■■= {v e £t e K{ii^^) and M = M''(cj+)} 
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Then the following hold: 

(i) IfM. is periodic, then C'^ is a non-empty union of finitely many closed and 
pairwise disjoint balls. 

(ii) IfWL is not periodic, then is a non-empty compact set and 

Ct c d{,^ e £t I {oJ^ - ±1} C L \ 

Proof of Theorems 15.41 and 15.201 In view of Lemma it is sufficient to prove 
Theorem ESDI Let M^^k denote the (£, fc) entry of M. For n > 0, let M„ denote 
the level n grid with entries Mf^^ where £ + A; < n. 

(i) Suppose that M is periodic of period p . Let uq be such that ]V[„_„_fc is 
unmarked for all 1 < A: < p and all n > uq. Denote by vi, . . . ,1^^ the level 
no centers with critical marked grid of level hq + I that coincides with ]V[„q+i. 
It follows that M = Mj^(tj+) for all i = l,...,m. For each i, let Xi be the 
infraconnected component of K{i/j^.) that contains Vi. Recall that Xi is a closed 
ball f Theorem 14. Moreover, if Vnivi) denotes the level n parameter ball which 
contains Vi, then Xi = nX'„(z^i). Hence, M''(cj+) = M'''([j+) = M for aU v e Xi. 
That is, Xi U • • • U Xm C C^. Given v e C^, to complete the proof of (i), 
it is sufficient to show that v & Xi for some i. In fact, for n > uq, the center 
i^c of the parameter ball of level n containing v is such that M.'^'^-^^lo^) = 
M5^^j^(ijj+) = M„+i. Therefore i^c = Vi for some i and v £ Xi. 

(ii) Let Yn be the union of all level n parameter balls I?„ such that M„+i — 
M;^+i(w+) for aU v e V,,. It follows that = (1 n>oYn. The radius r„ of the 
parameter balls that participate in Yn coincide since it only depends on Mn+i. 
Moreover r„ — > as n — s- oo. Therefore is a compact non-empty set. For 
all G the level n parameter ball which contains i^' has non-empty 
intersection with £^ \ S^+i- If ^ ^ '^■n \ ^n+ii then both critical points of ifiv 
escape to infinity. It follows that v' e d{v £ £q / {uj^ — ±1} C L \ K{iliy)}, since 

{v'} = r^Vn{v'). □ 

5.5. Proof of Theorem 121 and a corollary. We will need the following result: 
Lemma 5.21. //M is aperiodic admissible critical marked grid, then 

Sm = Wc.p e £+(L) /M"-'3(a) - M}. 
is open in V3 (L) = . 

Proof. Let ^ao,/3o ^ "^m ^-nd denote by B the infraconnected component of 
K{(pa„.i3o) which contains a. Hence, B is periodic under ipacpo, say of period 
p. Let r be the radius of B. Then, for a sufficiently small neighborhood V of 

(ao, ^0), 

K,,„(C)-<,(C)|o<r 
for all C in a closed ball containing B. It follows that (pa, 13(B) — B and therefore 
M.°''^{a) is periodic for all (a, P) € V. Similarly, for any fixed level n, the dynamical 
balls of level n of <Pa,i3 are locally constant. It follows that there exists uq such that, 
for all (a, /3) £ V, the periodic critical marked grid M"''^(a) is uniquely determined 
by which dynamical balls of level no contain the critical point a. Therefore, after 
shrinking V, if necessary, M"''^(q!) — M for all (a,/?) gV □ 

Proof of Theorem O By Corollary 14.111 it is sufficient to show that <Pa,i3 € 
(L) if and only if G £'^(L) and the corresponding critical marked grid is not 
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periodic. From the previous lemma we obtain that if Lpa.,i3 G 953(L), then ^pa.p G 
£^(L) and the corresponding critical marked grid is not periodic. Conversely, 
Theorem l5.4l fiil says that polynomials ipa.p S with aperiodic critical marked 

grid are in (L). ^ 

Corollary 5.22. Let Ti. C P3(L) be the set formed by all the cubic polynomials (fa. (3 
such that the Julia set J{ipa,fj) is critical point free (i.e., {+a, —a} H J^ifa.p) 
Then Ti. is open and dense in 7^3 (L). 

Proof of Corollary 15. 221 First note that the polynomials in f *(L) with aperiodic 
critical marked grid are in dS3(L) fTheorem l5.4l fii)). Hence, H which is the union 
of C3(L), 53(L) and the polynomials in £^(L) that have periodic critical marked 
grid, is open and dense. □ 

5.6. Dynamics over finite extensions of Q"((i)). The aim of this subsection is 
to discuss the dynamical behavior of cubic polynomials with coefhcients in a finite 
extension of Q"((i)). In particular, we show that some cubic polynomials with 
coefiicients in a finite extension of Q°'{{t)) have a non-periodic recurrent critical 
point. That is, a critical point which is an accumulation point of its orbit but 
it is not periodic. Examples of non-archimedean dynamical systems over finite 
extensions of Qp with wild recurrent critical points were recently given by Rivera 
in |R,8j . We emphasize that Rivera shows the existence of a wild recurrent critical 
point (i.e., a critical point where the local degree is a multiple of p). 

If ipa.i' is such that lu'^ G K{tpa,v) and uj~ escapes to infinity, then w"*" is recurrent 
if and only if the critical marked grid of il^a.u is not periodic and has marked columns 
of arbitrarily long depth. There is a stronger notion of critical recurrence associated 
to marked grids called persistent recurrence (e.g., see |Hal IM3| 1. 

As a corollary of our description of the parameter space of cubic polynomials 
we will be able to use the examples of recurrent and persistently recurrent critical 
marked grids due to Harris jHa to prove the following: 

Corollary 5.23. Let V't.(C) = t"^(C - 1)^(C + 2) + i/. Then the following hold: 

a) There exists Va € such that the critical point co^ ~ +1 is recurrent 
and not periodic under iterations of . 

b) There exists Vb S Q°'{it^^'^)) such that critical point to^ — +1 is persitently 
recurrent and not periodic under iterations of ip^^ . 

The corollary will follow from two lemmas and the work of Harris cited above. 

In order to simplify notation, for e Q"((i)) we say that the algebraic degree of 
Cis 

6(0 := [Q^imO : Q^Ht))]- 
When Q^iit)) is regarded as the inductive limit of {Q''{{t^/"^));m G N} the alge- 
braic degree of C coincides with the smallest m such that ( £ Q'^((t^/™)). 

Let us fix a e Q°'{{t)) and consider as before V'i^(C) = il'a,iy{C) — "^^(C~ 1)^(C + 
2) + V with I' e §. We define the algebraic degree of as 

5(^,) := max{(5(a), 6(1^)} ii e Q"((t)) 

and 00 otherwise. The algebraic degree of a ball B C S is defined as: 

6(8) := min{(5(V'^) / v e B} 
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We will be interested in computing the algebraic degree of the -^-parameter balls 
in the a-slice of the ^'-parameter space (see Subsection l5.1|l . Clearly 6{'Do) = (5(a). 
Our next result shows that the center of a parameter ball minimizes the algebraic 
degree of the elements of the ball. More precisely: 

Lemma 5.24. Let I?„+i C I?„ be parameter balls of levels n + 1 and n respectively 
with n > 0. Denote by Vn+i the center of Vn+i and by Pn the element of the affine 
partition o/I?„ that contains Vn+i- Then: 

5(^.„^J = <5(P,„+J-<5(P„). 

Before proving the lemma let us remark that if is a polynomial with coefficients 
in Q'^((ti/™)), and B,B' cS are balls such that ip : B ^ B' is bijective. Then 
6{C) < max{m,S{Lp{C)),S{i')} for all v ^ B. This easily follows from the Newton 
polygon of Lp{- ~v)~ (p{C). 

Proof. Let D G Pn he such that d{ipc) = ^(-Pn)- Let p be the period of the center 
ipun+i ■ By ProDOsition l5.18l there exists a level n + 1 dynamical ball ZJ^^i contained 
in Pn such that iJj^^^ : -Dj^+i ^n+2-pi^^) one-to-one. Hence there exists a 
unique Ci G Dl^+i such that ?/)?^^(Ci) = lo^ ■ It follows that 5(Ci) < ^(V'p)- Let 
Cfe = '0p^^(Ci) and consider B as in Lemma r5.12l From this lemma we conclude that 
there is a well defined Thurston map T : B ^ B. If T(Ci , . . . , Cp) = (C( , • ■ • , C^) , then 
^{Ci) < niax{(5(^j'^;^), (5(?/'(ji)} since Q is obtained as a preimage of Ci+i under the 
restriction of ^/i^^ to a ball where this polynomial is injective. The first coordinates 
of T^{C,i, ■ ■ - Cp) converge to Un+i as fc ^ oo. Therefore, 

<5(^.„+ J < <5(V'^J < <5(^s) = <5(P„). 

The lemma easily follows. □ 

Next we show that 5{T)n) is in fact computable from the information contained 
in the level n+1 critical marked grid of the parameters in I?„: 

Lemma 5.25. Let Vn+i C be parameter balls of levels n+1 and n with centers 
Vn+i o,nd Vn respectively. Denote by rn the radius of Vn and let s„ = min{s G 
N / s| logr„| G N}. Then the following hold: 

a) Ifun+i = Vn, then (5(I?„+i) = (5(X'„). 

b) If Vn+i ^ Vn, then (5(I?„+i) = max{s„, (5(I?„)}. 

Proof. Part a) follows immediately from the previous lemma. Suppose that Vn+i 7^ 
Vn and observe that by Proposition I5"l8l — Vn\o — fn- Hence o{vn+i - Vn) = 

— log r„ . It follows that 

Sn < max{(5(z^„+i),(S(i/„)} < max{5(V',.„+i), (5(V'i.„)} = 5(V'i/„+i). 

Therefore, max{s„, (5(?Ai/„)} < ^ii^i^^^i)- 

Now let Pn be the ball of the affine partition of I?„ that contains Dn+i- It follows 
that Pn contains a series of the form Vn + at"?/*" for some 7^ a e and some 
q G N relatively prime with s„. So 

'5(V'i'„+i) ^Pn) < niax{(5(V'i.,J,s„} 

which, in view of the previous lemma, finishes the proof. □ 

Let us now illustrate how the above lemmas may be used to compute the algebraic 
degree of some parameters. For simplicity we restrict to the case in which a — t^^ 
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and let ipi, be a polynomial with critical marked grid M — (Mi^k)- For all n, we 
denote by I?„ the parameter ball of level n containing v, by r„ its radius and by Vn 
its center. Furthermore we suppose that uj'^ is periodic of period p under ipi, if the 
critical marked grid is periodic of period p. Now the smallest integer Sk such that 

fc+i 

Sk\ logr„| =Sk-2-Y, 2^'=° e N 

is clearly computable from M. The previous lemma implies that 

S{T>n+i) = maxjsfe /vk+i ^ J^k, < k < n}. 

Moreover, ly is algebraic over Q°((t)) if and only if 

6{M) = sup{sfc / Uk+i ^i^k} <oo 

and in this case the algebraic degree of -0^ coincides with (5(M). 

The above formula for Siipi^) coincides with Branner and Hubbard's formula for 
the "length" of a "turning curve" passing through a complex cubic polynomial 
with critical marked grid M. In |H^, Harris shows the existence of critical marked 
grids satisfying rules (Ma) through (Md) which are (resp. persistently) critically 
recurrent and aperiodic such that d(M.) = 1 (resp. (5(M) = 2). CoroUarv 15 .231 now 
follows. 

6. Complex cubic polynomials 

Recall that 7^3(0) denotes the space of monic centered critically marked cubic 
polynomials. That is, polynomials of the form: 

ga,bi^) = ^ 3a^z + h 
where (a, 6) € C^. To prove Theorem |21 is convenient to change coordinates and 
work in the space 'p3(C) of polynomials of the form 

/a,«(z) = z^-3a2z + 2a3 + ^; 
where (a,ti) e C'^. Thus we identify 7^3(C) with C^. The critical points of fa^v 
are also ±a but here we have the advantage that v — fa,vi+o-) is a critical value 
(compare with |M1| ). Observe that 

fa.v 9a,2a^+V' 

Moreover, instead of working with the family fpiC) = — 3t^^( + P E §>[(] with 
/? S S it is easier to work with 

where e §. Now for /? = 2<"3 + t^^iy we have that tp^{C) = tipp{t-^C). The 
critical points of i/'i/ are at iv^ = ±1. 

The sets Ac and of the introduction correspond to 

Ac {{a, w) e / + a e K{fa,v) and Ca.vi+a) is not periodic}. 

where Ca, ,,(+&) denotes the connected component of K[Ja,v) which contains +a. 
Also 

As := {i^ g § / e K{tp^) and /C^(w+) is not periodic}, 
where ICv{ijJ^) is the infraconnected component of K(Tp^) which contains lo^ . 
It is easy to verify that Theorem in this new coordinates is equivalent to: 
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Theorem 6.1. There exists e > such that for all v = X]a>o <^Ai^ iri Ag the series 

A>0 

is the Fourier series of an analytic almost periodic function : M,, C. Moreover, 
^ : He X is icn{|a|>l/e} 

is a well defined and onto map which is continuous in (T, v) and holomorphic in 
T. Furthermore, ^' projects to a homeomorphism: 

^■.m^xA^/ > icn{|a|>l/e} 

where ^ is the smallest equivalence relation that identifies {T~l,v) with {T,a{v)). 

The parameter space 7^3 (C) is also stratified according to how many critical 
points escape to oo. The connectedness locus C3(C) is the set of polynomials 
fa.v with connected Julia set. Here C3(C) is also compact, connected and cellu- 
lar (see |BHlp . The shift locus 53(C) is the set of polynomial fa.v with all its 
critical points escaping and 

f ±(C) = {fa^v e ^3(C) I ±ae K{fa,v) 9 to}. 

6.1. The combinatorics of complex cubic polynomials. Important tools to 
study the dynamics of complex polynomials are the Green function and the Bottcher 
map. Given a degree d monic polynomial f : C ^ C the Green function 

Gf : C — > ]R>o 

is a well defined continuous function which vanishes in K{f) and is harmonic in 
C \ K{f). The Bottcher map 0/ : B^{f) — > C \ E) is a conformal isomorphism from 
the basin of infinity i3v under the gradient flow VG/ into C \ D which conjugates 
/ with z ^ z'^ (i.e. (j)f{f{z)) — (f>f{zY for all z G By{f)) and is asymptotic to the 
identity at infinity (i.e. = z + o{z) as \z\ 00). 

For general background on polynomial dynamics see Section 18 in |M2| . We now 
specialize on the set V cubic polynomials where 

V = {fa,v/ -a^ A'(/„,„),G/„,„(+a) <G/„,„(-a)}. 

Following Branner and Hubbard BHIJ IBH2| we now summarize the basic com- 
binatorial structure of the dynamical plane of polynomials in V. Consider / = 
fa,v G V then 

Df,^{z/ Gf{z)<3-Gf{~a)} 

is a topological open disk which we call the dynamical disk of level of /. 
The set {z / Gf{z) < 3""+-^ • G/(— a)} is a finite disjoint union of open topological 
disks that we call dynamical disks of level n. Equivalently, a dynamical disk 
of level n is a connected component of /""(-Dq). A point 2; is a level n point if 
Gf{z) < 3^"+^ ■Gf{—a) and the disk of level n containing z is denoted D:^{z). The 
level annulus is 

4 - {z/ Gf{-a) < Gf{z) <i-Gf{-a)} 
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Gf{~a) since it is conformally isomorphic to 
{z I Q^s'y-'^) < \z\ < e"^ '^-''^^"^}. The level n annulus around a level n point z is 

Aiiz) = Diiz) \ {w/Gfiw) < 3-" • Gfi~a)}. 

A level n annulus is said to be critical if A(, ~ A(^{+a). 

Here we have that if z is a level n + 1 point, then /(£'{^j^(z)) ~ D(^{f{z)) and 
/ : Dl{f{z)) is a branched covering of degree 2 if +a e D^_^_j^{z) and of 

degree 1 otherwise. Now if +a is a level n + 1 point, then / : A{^_^_^{z) ^ A(^{f{z)) 
is a covering map of degree 2 when ^^^-^(z) is critical and of degree 1 otherwise. 

The tableaux and marked grids for / are defined similarly than in Defini- 
tion ^31 Marked grids satisfy the rules stated in Proposition 14. 51 

According to (BHl I.l the Bottcher map 4>f^^{z) depends holomorphically in 
{a,v, z) for z near infinity. 

Lemma 6.2. Suppose that fa.v G V and +a is a level n + 1 point under fa.v- Then 
there exists a neighborhood U of fa^v such that the critical marked grid of level ?i + 1 
is constant in U . 

Proof. Let / = fa.t,- The condition of the critical point +a being a level n+1 
point is clearly open. Fix i > and k > such that t + k < n + 1. Let p > 
be such that 3^^+^G/(— a) > p > 3^^G/(— a). The portion of the equipotential 
Gf = p contained in D^p {f^{a)) is a smooth Jordan curve which varies smoothly 
in a neighborhood of /. Hence, for „ in a sufficiently small neighborhood U of 
/, the annulus A^" " {fa y{a)) is critical if and only if +a is enclosed by this Jordan 

curve. Therefore, A({f''{a)) is critical if and only if ^^"'''(/a for all fa^v G U and 
the lemma follows. □ 

6.2. Periodic curves, ends and Puiseux series dynamics. The key to pass 
from the parameter space of ip^iC) G S[C] to the parameter space of cubic polyno- 
mials 7^3 (C) are the Puiseux series of the ends of periodic curves. The periodic 
curve Wp (of period p) is the set formed by all {a,v) S 7^3 (C) such that +a is 
periodic of period exactly p under fa,v 

It follows that yVp is an algebraic curve in = 7^3 (C). For example, Wi = 
{(a, v) / V — a = 0} and 1^2 is the zero set of 

/ X/ \ . (v — a)'^(v + 2a) + V — a 

{v - a){v + 2a) + 1 = ^ — . 

V — a 

In general Wp is the algebraic curve determined by the polynomial 

J+a)-a 
= n P (+a)-a ^ 

According to Milnor |M1| (compare with Rees |Rej) the curve Wp is a smoothly 
embedded (possibly disconnected) Riemann surface in . It is an open problem to 
determine whether Wp is connected (i.e. irreducible) for all p > 1. For more about 
periodic curves we refer the reader to |Ml[|Re| . 

We compactify V3{C) = by adding a line at infinity to obtain CP^ = 
VsiC) U Coo and denote the closure of Wp in CP^ by Wp. Since the highest order 
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term of the polynomial that defines Wp is of the form {v — a)^ {v + 2a)'"' for some 
positive integers j, fc, we have that Wp n £00 = {[1 : 1 : 0], [1 : — 2 : 0]}. 

Our main interest is in Wp n £^(C). A connected component T of Wp n £^{C) 
is called an end of Wp. 

Lemma 6.3. Let T he an end of a periodic curve. Then the marked grid M'^ of 
+a under fa^v is independent of fa.v G 

Proof. Since +a G K{fa,v) for all fa,v G by Lemma [6. 21 the subset of !F where 
the (£, k) position of the critical marked grid is marked (resp. unmarked) is open, 
and therefore closed in JF. □ 

Lemma 6.4. Let T he an end ofWp. Consider the map 

(jjjr: T — > C\D 

{a,v) 0/^^(2a). 

Then is a holomorphic covering map of finite degree. 

We say the the degree of (t)jr is the multiplicity of the end T. 

Note that 2a is the "cocritical point" of —a. That is, /a,t)(2a) = fa.v{—a) = 
Aa^ + V. Therefore G/„ „(2a) = G/„ „(-a). It follows that 2a e B^Cfa^v) for aU 

/a,„e Wpn£+(C). 

Proof. From Branner and Hubbard's wringing construction |BH1| it follows that 
is a local homeomorphism. Note that 0^ {wq) is closed and bounded. To 
prove that this set is finite it suffices to show that every point is isolated. In fact, if 
(ao, vq) € 0^^(u'o), then (j)jr extends holomorphically to a map on a neighborhood 
Uo of {ao,vo) in and therefore 0~^(u'o) n Wp is discrete in Uq. □ 

Corollary 6.5. If T is an end ofWp, then TO Coo consists of exactly one point 
X. Moreover, the germ of the analytic set T \J {x} at x is irreducible. 

Proof. Since (f)jr is a finite degree covering of a punctured disk, it follows that T is 
conformally isomorphic to a punctured disk and J-nCoo consists of exactly one point 
X. Moreover, the germ of J^U {x} at x is irreducible since a fundamental system of 
(punctured) neighborhoods of x in is given by the connected sets </>^^({|u'| > fc}) 
where A: g N. □ 

To study Wp near £00 hi CP'^ ^ {[a : v : w] / {a,v,w) e \ {0}} we consider 
the open set Ui — {[a : v : vu] / a 7^ 0} which we identify via [1 : v : a] t-^ (a, v) with 
a copy C^g of C^. Note that £00 n C^g g-, is the i;-axes (i.e. a = 0). Moreover, 
every end !F is contained in C^g The series 

j>0 

is called a Puiseux series of an end JF if there exists e > such that 



j>0 



converges in |s| < e^/™ and 

{0<|s|<ei/"} ^ Tn{ia,v)eCl,^/0<\a\<e} 
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is a conformal isomorphism (e.g., see |BrKnl[C-AllF] ). 

Puiseux series always exist and they are unique modulo an automorphism of 
Q'^((ti/"')) over Q°((t)). That is, an automorphism which sends ii/'" to e2'^*'=/"ii/™ 
for some < fc < m. 

A sufficient condition for the existence of a Puiseux series which "converges" in 
an e-disk follows immediately from standard covering space theory: 

Lemma 6.6. Let T he an end of a curve Wp. Suppose e > is such that the 
projection: 

.Fn{(a,^;)eq^,)/0<|a|<e} -> {0 < |a| < e} 
{a,v) a 

is a covering of degree m. Then there exists a holomorphic map g{s) = X]j>jo ^i^'' 
defined on \s\ < e^^"^ so that s i-^ {s"^,g{s)) is a conformal isomorphism from 
{0 < \s\ < e^/'"} onto T n {{a,v) € < \a\ < e}. Moreover, if g is another 

holomorphic function such that the above holds, then g{s) ~ g(e^^''^/'"s) for some 
integer k. 

We refer the reader to |BrKnj or [Fj for an elementary exposition of the previous 
results. For future reference we state several equivalent conditions in the following 
lemma. The proof is straightforward and we omit it. 

Lemma 6.7. Consider a real number e > 0, an end T of Wp and a series v = 
X]j>o%^"'^'" ^ Then the following are equivalent: 

(^) 

{0<|s|<6i/™} ^ .Fn e C2,_,)/0 < |a| <e} 

s ^ (s'",Ej>oaiS^') 

is a conformal isomorphism, 
in) 

av, : H, ^ .Fn{(a,w) e qa5)/0 < |a| < e} 
T ^ (e2"^,Ej.>oa,e2-'^j/™) 

is a well defined conformal map which is the universal covering of its image. 
(Hi) 

av, : He ^ J'n{{a,v) eVsiC) / \a\> e~^} 

T ^ (c-2-*r^g-2^»T^^^^^^^.g2.»Tj7m) 

is a well defined conformal map which is the universal covering of its image. 

To characterize Puiseux series from an algebraic and dynamical viewpoint we 
observe that the polynomial Fp{a,v) which defines Wp becomes: 



\a a J 



in {a,v) coordinates. When Fp{t,v) is regarded as an element of Q°'{{t))[v], then 
1/ £ Q"'{{t)) is a Puiseux series of an end of Wp if and only if ;/ is a root of 

F;{t,v)eq-{{t))[v]. 

Lemma 6.8. For i' £ S let 
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A series v e is the Puiseux series of an end ofWp if and only if lu~^ = +1 

is periodic of period exactly p under ipv ■ S ^ S. 

Proof. From the algebraic characterization of Puiseux series described above, 
1/ G Q°'{{t)) is the Puiseux series of an end of Wp if and only if G Q"((i)) is such 
that Fp{t,i') = G Q"((t)). Since Q"((t)) is algebraically closed, this is equivalent 
to V being an element of S is such that Fp{t,u) = e S. The latter equality is 
equivalent to: 

/(VW*)(1A)-1A = and, 

/(WA)(Vi)-lA 7^ forfc<p. 

After changing coordinates to C, = tz the map f{\/t,v/t){^) becomes Vi^CC) and the 
lemma follows. □ 

Remark 6.9. Recall that a : S ^ S is the unique automorphism such that 
= Q2-Ki/m£L/ni foj. ^^i € N. For all v and C in §, 

^aM(C) = o-o^^oc7-^(C). 

In particular, a;+ e K{ij)v) if and only if a;+ = cr(a;+) e K{'tjj„(^i,^). In this case, 
M''(a;+) = M'^(^)(a;+). 

6.3. Convergent series. Here we remark a trivial but useful fact related to "con- 
vergent series" in S. We say that 

A>Ao 

converges in to T i-^ ({e^'^^'^) if the series 

^ a^e^-^^ 

A>Ao 

converges for all T e He. For convergent series, evaluation and iteration commute: 

Lemma 6.10. Assume that G S are convergent in M^. Let a{T) = c^'^'^'^'^ , 
v{T) = e-'^''^'^v{c^'^'^) and z{T) = ((e^''*^). Then V'^(C) converges in He and 

for all k > 1. 

The proof of the lemma is straightforward and we omit it. 

6.4. Uniform radius of convergence. Our aim now is to show that the "radii 
of convergence" of any Puiseux series of any end of any curve Wp is uniformly 
bounded below. More precisely: 

Proposition 6.11. There exist C > and e > such that for any Puiseux series 



A>A: 



■0 



of any end of any periodic curve Wp the following hold: 

(i) Vy{T) — J2x>o^>^^^^^^^ converges in He- 

(ii) < C'for all T e He- 
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Note that e and C in the above proposition are independent oi p> 1. 

The rest of this subsection is devoted to the proof of this proposition which rehes 
on a series of lemmas. The main idea is to use the Bottcher function to change 
coordinates near Coo- 

We wiU need the foUowing elementary estimates: 

Lemma 6.12. Suppose that (a, v) G is such that \a\ > 2 and either |v + 2a| < \a\ 
or \v — a\ < \a\. Then: 

W\n-a)\>\ar {V2)"'^''-\ 

(li) log \a\ - i log 2 < „ i-a) < log \a\ + \ log §. 

r^y* G/„ „(+a) < ilog|a|+ j^log25-32. 

Proof. Let / — fa,v First note that 

(4) |z|>3|a| =^ |/(z)|>3H. 

In fact, using that \v\ < 3\a\ we obtain |/(z)| > |z|3(l - |f p _ 2|f | - |^|) > I2\z\ > 
3\a\. Similarly we have: 

(5) |^|>3|a| =^ ^\z\'<\fiz)\<l\zf. 
Also, 

(6) kl<3|a| =^ |/(z)| <40|a|3, 

since |/(z)| < \a\^{2 + j^j + 3|f | + |f P) < 40|ap. Inductively applying equation 
(O we have: 



(7) 3|a|<|z|<40|ap ^ \r{z)\<iO'"\af 




Now we prove (i). Since |/(— a)| = \4a^ + v\> \a\^ > 3| — a|, by induction, from 
equation jS)) we conclude that for all n: 

3"-l-l 

ir(-a)i > \af (^) ' • 

From here, taking logarithms, dividing by 3" and passing to the limit we obtain 
the lower bound of (iii). For the upper bound of (iii) note that 3| — a| < |/(— a)| < 
7|ap < 40|a|^. Hence, applying equation iQ the desired upper bound follows. 

For (iii), either G/(a) = or there exists no > 1 such that |/"(a)| < 3|a| for 
n < no and 3|a| < |/"''+^(a)| < 40|a|3. In the latter case, let w = /""(a) and 
from equation Q conclude that Gf{w) < 31og|a| + ^log25- 32. Since Gf{w) = 
3"«+iG/(a) > 9G/(a) the upper bound of (iii) follows. □ 

The complex plane {{a, a) / a G C} is the period 1 curve Wi and 

{(a, -2a) / a G C} 

is the set of parameters for which +a is a prefixed critical point. The asymptotic 
behavior of the Bottcher map along this complex planes is easily computed (compare 
with jMTI 'l. 
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Lemma 6.13. For q = —2 or 1 the following holds: 

'^/(...g) (2a) ^ 22/3 



lim 

|a|— >o< 

Proof. Let fa = f{a,qa) and (/)a = 



0a (2a) — lim 2a 



(2a)3 



1/3 



a 

a- Then 



1/3" 



/a" (2a) 



(/"-^(2a)) 



3"-i 



1/3" 



which, for \a\ sufficiently large, is a uniform limit. Since f{—a) = /(2a) we have 
that 



log 



r(2a) 



f-i(2a)3' 



3i-i 



1/3' 



= ^log|l-3 



f (2a) 



r(2a) 



qa 



(f(2a))3 



< 



K 



for some > 0. The lemma follows after switching the order of the limits. □ 

Lemma 6.14. There exists a neighborhood U of {[I : 2 : 0], [1:1: 0]} in CP^ = 
7^3(0) U £00 such that 

$ : f/ ^ C2 

[ (0,^) tfx^[a:v:0] 

is a well defined holomorphic function which is locally biholomorphic at x = [I : 2 : 
0] and a; = [1 : 1 : 0]. 

Proof. Let Uq = {[1 : v : a] / \a\ < 1/3 and min{|?; + 2\,\v - 1|} < 1}. By 
Lemma [6.121 (11) and (iii), <& : C/q ^ is well defined. Moreover, $ is holomorphic 
in Ua n 7^3(0) — Uo\ £00 and continuous in Uq. It follows that $ is holomorphic 
in Uq. Using {a,v) coordinates in Uq, by the previous lemma, for q = I or —2 the 
derivative i^$[i:g:o] has the form: 

2-2/3 ^ 

1 



Hence $ is locally biholomorphic at [1 : q : 0]. 

Lemma 6.15. Let f = fa v o-nd suppose that 
(t)Gf{-a)>3Gfiv), ^ 
(ii) D({v) — D({qa) for q — 1 or —2. 
Then 



□ 



< 



16 



^\q\Gf{-a) _ IQ- 



Proof. Note that 27rmodA{(t;) = \q\Gf{—a) and A({v) separates qa and v from 
—a and 00. Let r(z) ~ —a{z + 2a)^^ and note that r{A({v)) separates —1 and 
from 00 and T{v) — (- — q)^^- According to Chapter III in "X*, for some function 
^': " 

^\q\Gf{~a) < :^^mv)\) < ^logl6(|r(z;)| + 1). 

ZTT ZTT ZTT 

From where the desired inequality immediately follows. □ 
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Lemma 6.16. Let q — —2 or 1. For p > let Ep he the set formed by all 
(a, w) e 'Pz{C) such that 



(in) Gf^ ^, (—a) > p. 

For any neighborhood W of [1 : q : 0] in CP^ = 7^3 (C) U Coc, there exists p such 
that EpCW. 

Proof. Take pa > such that (i), (ii) and Gf^ ^ > Po imply that \v — qa\ < \a\ 
(sec Lemma l6.15|) . Let pi > po be such that Gf^^{—a) < pi for all {a,v) such 
that \a\ < 2 and \v\ < 6. It follows that G/^^, (— a) > pi implies that \a\ > 2 and 
\v - qa\ < \a\. Now let (5 > be such that {[1 : v : a] / \d\ < S,\v - q\ < S} d V. By 
Lemma |6. 121 fii^ and Lemma |6.15l there exists p such that Gf^^{—a) > p implies 
that \a\~^ — \a\ < S and \v/a — q\ = \v — q\ < S. □ 

Proof of Proposition IH7TT1 Let J7 be a neighborhood of {[1:1: 0], [1 : —2 : 0]} 

so that $ : [/ ^ ^{U) C is biholomorphic. In the range we will use coordinates 
{i3,v). Let p > be such that {fa,v € Wp / G/„ „(-a) > p} CU. 

Since : Wp ^ C\B given by (f){a, v) = <f>(a,v) (2a) is a local homeomorphism, for 
all p> 1, the line tangent to ^{Wp D U) at any {(3q,vo) is not vertical. Therefore, 
it has equation 



for aU 00, vq) e Up>i$(yVp n J7) n {|/3o| = e"''}. For otherwise, for aU n > 1 there 
would exist (/5„, !)„) £ yVp„ with |M(/3„, v)\ > n. Without loss of generality we may 
assume that /3„ Poo and Vn ^ Voo- Since the projections of <i>(yVp„ n U) to the 
/9-axis are covering maps, there exist a neighborhood W of /?oo and holomorphic 
functions hn : W ^ C with graphs contained in Wp^ such that /i„(/3„) — w„- By 
normality of {/i„} we may suppose that /i„ — s- h^o locally uniformly in W . Hence 
M(Pri,Vn) = h'^iPn) ^ h'^{Poo) which contradicts |M(/3„,w„)| > n. 

We will now apply the Maximum Principle to conclude that \M{(3o,vo)\ < Cp 
for all 00, vo) € Up>i$(>Vp DU) D {\Po\ < e~P}. According to our description of 
the level 1 parameter balls the Puiseux series ly of any end T is either e~^ close to 
1 G § or e~^ close to — 2 S §. In particular, 



for some m S N. If follows that the germ of ^(JF n U) at ^(JF n Coo) has Puiseux 
series of the form 



Since the /3-projection 11 : <i>(J^ n ?7) ^ C is a covering map and T r\U D T r\ 
{{a-,v) I |0/„„(2a)| > e''}, we have that for all s such that |s| < e''/'", the series 
/x(s'") is convergent and s i— s- (s™,/z(s'")) parametrizes ^{T). It follows that 



r*;G/„,„(-a)>3G/_(i;). 
(n) Dt^{v)^Dt^qa). 



v-vo^M0o,vo)0-Po) 

for some AI{i3o,vo) & C. 

We claim that there exists Cp > such that 

|M(/3o,t)o)| <Gp 



= flQ + flit + higher order terms e Q°-{0/"')) 



P — bo + biu + higher order terms G C((u"'^^™)). 
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as So 0. Hence, by the Maximum Principle, the holomorphic function Af (s™, /i(s™)) 
is bounded by Cp in \s\ < e~''/". Therefore, \m{(3o,vo)\ < Cp for |/3o| < e'P. 

The proposition foUows if we show that for e > sufficiently small the a- 
projection of Wp fl { [1 : u : a] / |a| < e} is a covering map. Equivalently, the tangent 
line to points in Wp r){[l : v : a] / \a\ < e} is not vertical. In U we work with (a, v) 
coordinates and observe that £'$j;(0, 1) — (0,1) for x — (0,1) or (0,-2). Hence, 
shrinking U if necessary, we have that \d/c\ > Cp where (c, d) = D<i>(a,s)(0, 1) for 
all (a, v) G U . It follows that a tangent line to Wp n C/ is never vertical. To con- 
clude the proof of the proposition take e > small so that for all (a, v) g Wp such 
that \a\ < e we have that Gf^^{—a) > p where p is such that (a,w) € Wp and 
Gf^^{—a) > p imphes that {a,v) gU. □ 

6.5. Marked grid correspondence. For Puiseux series of ends of periodic curves 
the marked grids of the dynamics over § and C coincide: 

Proposition 6.17. Consider an end T and let M'^ be the critical marked grid of 
all the polynomials in J-'. If i' G S is a Puiseux series of T , then M"^ — M"^ where 
M'' is the critical marked grid ofip^ : S — > §. 

The rest of this subsection is devoted to the proof of the above proposition. For 
this we let e > be such that v converges in H^. 

To simplify notation we let /t = fa{T),v(T) where a{T) — e^^'^''^ and v{T) = 
^-2ttiT 'YYiQ corresponding Green function will be denoted by Gt and the 
level n dynamical disks by D'^{z). Similarly the level n annuli are written as A'^^{z). 

Now for fc > let = i'ti^'^) and f^^{a{T)) = Vk{T). From Lemma lOOl we 
have that Vk{T) = e'^'^*^ • i^^ie'^'''^)- 

Lemma 6.18. The following hold: 
(i) 

: — : — rr — : — ; — r; > 1 as im i ^ +oo. 

log|a(T)| log|a(T)| 

(ii) Let q = 1 or —2 and assume that : — )■ C are functions such that, for all 

T G Hj, Zi{T) is a level 2 point under fx, Zi{T) g Df {qa{T)) and there exists an 

annulus which separates zi{T) and 2:2 (T) from —a{T) and 00. If there exists 

S > such that 

modA"^ ^ ^ 
mod^Q ~ 

then 



a{T) a{T) 



Oi\aiT)\ 



~2S\ 



as ImT 



Proof. Since (i) is a direct consequence of Lemma |6. 121 we proceed to prove (ii). 
For this consider the Moebius transformation Tt{z) — {a{T) + zi{T))(z — zi{T))~^. 
The annulus TxiA^) separates —1 and from 00 and 

zi(T)\ /zi(T) Z2(T)V' 



^ ' a(T) ; V a(r) a{T) 
From Chapter III in |^ we have that 

S'mod^;^ < modA^ < ^ log 16(rT(zi (T)) + 1) 
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From (i) we conclude that for ImT sufficiently large: 
zi(T) Z2{T) 



(8) 



a(T) a{T) 



< 16 , zi(r) 



a(T)2S _ 16 ' a(T) 

Now replace in the previous equation zi{T) by qa{T), Z2{T) by zi{T)^ by the 
annulus Af {qa{T)) of modulus |(7+ Ij^"'^ modA^ and conclude that, as ImT — s- oo, 

a{T) 

Combining this with equation (jSJ part (ii) of the lemma follows. □ 

For any j, fc > 0, the level n disks Dj^{vj{T)) and D'^{vk{T)) are either equal for 
all T e He or distinct for all T e He. If we denote by Mf^. the entries of M^, then 

modAj{vk{T)) = 2-^^' modA^ 

where Si — X]fc=o ^t-k,j+k- By Grotzsch inequality (see |E]) it follows that 

n 

mod Dl {vk{T))\ Dl{vu{T)) mod Aj {vk{T)). 

i=\ 

Taking = Df {vk{T))\D'i^(vk{T)) in the previous lemma we immediately obtain 
the following: 

Corollary 6.19. If for some j,k > and n > 1 we have that D'^{vj{T)) — 
Dl{vk{T)), then 

2 " 

o{vj - vk) > — jT Vmod Af(wj(r)). 

mod^^ ^ 

Proposition 16 . 1 71 is an immediate consequence of the following: 

Lemma 6.20. For all n > 1 and j,k > we have that Z?^(zyj) = D'^{vk) if and 
onlyifDl{v,{T)) = Dl{vk{T)). 

Proof. We proceed by induction on n. 

For n = 1, iiDl{vj{T)) = Dj{a{T)), then o{i^j-uj+) > 1. Hence Vj £ D'[{uj+). 
If DfivjiT)) = Df{-2a{T)), then o(i/j - (-2)) > 2. Therefore, ly^ G D'({~2). It 
follows that Dl{vj{T)) = (wfc(T)) if and only if -Di'(i^j) = £>! (i^fc). 

Now suppose that the lemma is true for n. Note that this implies that 

modA'^i,.,) ^-^-^^L_uiodAj{v,{T)) 
for aU £<n. Therefore, if Dl^^{vj{T)) = D^^^{vk{T)) then 

n+1 n 

o{v,-Vk) > ^ mod (T) ) > ^ mod AJ{v,{T)) 

t=i 1=1 

n 

= mod (I'j ) = - log < {vj ) . 

Hence, {vj — Vk\o < fni^j) ^^'^ i^j,i^k belong to the same element of the affine 
partition associated to D'^{vj). By Lemma lOl fi) . Uk £ Dn+i{^j)- 
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To finish the proof it is sufficient to show that if D'^{vj{T)) — D'^{vk{T)) and 
Dl+iivjiT)) ^ Dj^^,{vk{T)), then D-^,{iy,) ^ D'^^^.ivk). There are two cases. 

Case 1. Dl{vj+i{T)) ^ Dl{yk+i{T)): By the inductive hypothesis, D'^{vj+i) ^ 
Z?J^K+i)- Thus, D-^^^{v,) ^ D-^,{i^,). 

Case 2. Dl{vj+i{T)) = D^{vk+iiT)): In this case j,k>0 and /t : Dl{vj{T)) 
Dl_^{vj+i{T)) has degree 2. Thus, there exist v'^iT) and v'^{T) in Dl{vj{T)) 
distinct from Vj{T) and Vk{T), respectively, such that fT{v'j{T)) — Uj+i(T) and 
/TK(r)) = Vk+i{T). Similarly, V. : D';^{v,) ^ has degree 2 and 

there exist and v'j. in D^lvj) distinct form Vj and Vk, respectively, such that 
ilj^{v'j) = vj+i and i^u'{v'k) = t^'k+i- It follows that i/j(e2^*^) = e'^'^''^v'j{T) and 
zy;(e2^»^) = e2'^*^?;^(T). We claim that 

In fact, let 

Since Vj{T) E D'^^i{vk{T)) the annulus A^j^i{vk{T)) separates v'^ and from Vj 
and cx). Therefore, r(ti^) ^ as ImT oo because mod A'^_^_i{vk{T)) — > oo. Thus 
o{i''j — Vk) > o[uj — Vk). From here we conclude that D'^^^{vj) ^ D'^j^T^{vk). For 
otherwise ^ D'^_^j^{i^k) and 

n 

o{vj - Vk) > ^A^^ivj) = o{v'j - Vk). 

1=1 

□ 



6.6. Almost periodic functions. Let us briefly summarize some facts about ana- 
lytic almost periodic functions (in the sense of Bohr) . For a more detailed discussion 
we refer the reader to |Bej . A function / : M ^ C is almost periodic if the family 
{/(• + /i) / /i G M} is a normal family. That is, every sequence in this family has 
a subsequence which converges uniformly in K (i.e., in the sup-norm). An analytic 
function / : He ^ C is almost periodic if /(• -I- iy) : E ^ C is almost periodic for 
all y > —{2n)~^ loge. If / : He ~> C is an analytic almost periodic function, then 

ax= lim 4 / e-^^'^'-'f{x + iy)dx 

h— ►oo ZAl 

exists for all A G R and a\ is independent of ?/ > — (27r)^^ log e. Moreover, a\ is 
non-zero for at most countably many A G M. Furthermore, the Fourier series of 

/: 

AGE 

converges to / in the norm || • \\m defined in the space of analytic almost periodic 
functions with domain Mj by: 

II.9|Im = lim TTT- / \g{x + iy)\^dx 

h^oo All 

for any y > —{27r)~^ loge. 
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Let Per — {v / uj^ is periodic under According to Proposition lfi . 1 ll we may 
consider e > such that v converges in for aU v e Per. More precisely, if 



V 



^ a\t £ Per, then the sum 



J2 flAe""'^^ 

A>0 

converges uniformly in to a periodic analytic function v,y{T). 

Proposition 6.21. Suppose that D £ S is such that uj^ e K{ip0) and M'^(w+) is 
not periodic. Then there exists Ui> : IHj — > C such that if {i^n} C Per is any sequence 
converging to v in S, then v^^ — > Vi, uniformly in Hg. 

Since the center of the ^/;-parameter balls of level n that contain i) converge to v 
fCorollarv l5.17|l the previous proposition imposes a non-empty condition on vp. 

To prove the above proposition we start by showing that v^^ converges locally 
uniformly to some function Vjj. For this we combine the Fourier analysis lemma 
below with the fact that, according to Proposition Ki.llI the collection {v^ I v £ Per} 
is a normal family. 

Lemma 6.22. Let {/„ : M — )■ C} he a uniformly bounded sequence of functions that 
converges locally uniformly to a function f . For all n > 1, suppose 

A„3\>M„ 

where A„ is a discrete subset of M, the sum converges uniformly and 

Mn CO as n ^ oo. 

Then f{x) = for all a; e M. 

Proof. Denote by S'(]R) the Schwarz space (see VI. 4.1 in ^). To show that / = 
it is sufficient to prove that J fg ^ for all g E Z where 

Z = {g E S{M.) I g has compact support} 

and g denotes the Fourier transform of g. In fact, Z is dense in S'(M) (see II. 1.6) 
and g^ J fg is a continuous functional. 
Observe that if 

h{x) = J2 aAe'"*^" 

AgA 

where A is a discrete and bounded below subset of K and the sum converges uni- 
formly, then 

/ h{x)g{x)dx = ^ axg{\) 
AeA 

for all g G S(R). 

Given g G Z the support of g is contained in [—R, R] for some R > 0. Hence, 
there exists N such that M„ > R for all rt > A^. It follows that 



f{x) ■ g{x)dx = lim / /„(a;) • g{x)dx 
= lim = 



since J2x^Ar, ^^x^ 9W — ^ n > N. 



44 



Puiscux scries polynomial dynamics 



Corollary 6.23. Suppose that i> G § zs such that uj^ G K{ijjo) and the critical 
marked grid 'M'^{lu'^) is not periodic. Then there exists : He — )■ C such that 
*/ {^n} C Per is any sequence converging to v in §, then v^j^ converge vc locally 
uniformly in M2e- 

Proof. Since {wi/,^} is a normal family we may suppose that a subsequence {wi/„^} 
converges locally uniformly to some function v^. If {"Ciy^} does not converge to 
Vu, then there exists another subsequence {v^^^} converging to some function v^- 
In § we have that 1^^^ ~ ~^ 0- Therefore, by the previous lemma, v-^^^ (x — 
i(27r)^^ loge) — (a; — i(27r)~^ loge) converges locally uniformly to as A: ^ oo. 
Hence v^, = Vy and the lemma follows. □ 

Proof of Proposition l6.2Tl By the Maximum Principle it is enough to show that 
the convergence is uniform in ImT ~ — (27r)~^ log e. We proceed by contradiction 
and suppose that there exists (5>0, rt/c^oo, x^gM such that 

\vv„^{xk - iloge/27r) - Vy{xk - iloge/27r)| > 5. 

By passing to a subsequence we may also assume that there exists Xco G M, A/^ G Z 
and |Afe| < 1/2 such that 

Xh^ Xoo+ Mk + Afe 

and Aj. 0. From the compactness given by Theorem I5.2UI and by Remark 16.91 
we may pass to a subsequence and assume that a^'^''{v) v. Thus, cr^'^''{vk) ~* f^- 
It follows that 

Wi/„^ {xk - ?loge/27r) = v„M^y^{xoo + - iloge/27r) vo{x^ - i loge/27r) 
and similarly 

Vy{xk - iloge/27r) = v„M^^y{xoo + Afe - iloge/27r) vc,{xoo - iloge/27r) 

which is a contradiction. □ 

Since the uniform limit of periodic functions is an almost periodic function 
and the corresponding Fourier coefficients also converge we obtain the following 
(see Hi]): 

Corollary 6.24. If = I]a>o">^^ e S is such that uj+ G Kitpo) and M^(w+) is 
not periodic, then vc : ^ C is an almost periodic function with Fourier series 
E.>oaAe2^^^^. 

Now the map *(r, i^) = (e"^"'*'^, e~^'^*'^'^Wi,(r)) is defined and continuous for 
all (r,i^) G He X is. 

Lemma 6.25. There exists fc G Z such that T — T' — k and {v) — v' if and only 

if^{T,v) = ^>{r,v'). 

Proof. It is easily verified that if a^{v) = v' then Vyi^ + k) = Vi,i{T). Hence, 
*(T, v) = ^(T-k,v'). 

Looking at the first coordinates we have that if ^{T, u) = §(r', v'), then T-T' = 
k for some k £ Z and v^ky{T') = Vy{T' + k) = Vyi{T'). Let {i/„} and {v'^} be 
sequences in Per converging to v and v' respectively. For n large there exists 
T such that v„ky^{T ) — v^i {T ). Thus a'^i^n = v'^, for n large, and therefore 
cr^v = v' . □ 
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Lemma 6.26. // (T, v) €z x As, M is the critical marked grid of ipi, and 
{a,v) = ^(T, 1/), then {a,v) G Ac \ intAc and the critical marked grid of fa^v 
is M. Moreover, the image of ^/ is Ac \ intAc- 

Proof. Let {i^k} C Per be a sequence converging to v. It follows that {(a, Vk{T)) = 
^g-27riT^ g-27rjT^^^ ^jn^-jl converges to {a,v). It suffices to show that the critical 

marked grid M-'' of fa.v coincides with M. Fix n > and denote by the 
level n + 1 critical marked grid of fa,v There exists an integer k sufficiently 
large so that Vk and v are in the same i/i-parameter ball of level n. Therefore 
■^i^^MT)} ^^-^ = M„+i (LcmmaES). By PropositionEITSlM;;+i(w+) M,''4i(w+) 
and by Proposition 16. 1 7l M^'°| ido^) = M^^j^. Since this occurs for any n > 0, it 
follows that M-'^ = M. 

Now we have to show that any {a,v) e \ int^c with |o| > 1/e is in the 
image of In fact, by Theorem 4.2 in jMcj . there exists a sequence {{ak,Vk)} 
converging to (a, v) such that ak is periodic under fak,Vk ■ It follows that (ok, Vk) = 
^g-27riTfc g-27riTfc^^^^j'^-j-j| somc Vk & Per. Without loss of generality we may 
suppose that {Tfe} converges to some value T. Let M be critical marked grid of 
fa,v Note that M is a not periodic. Let M„+i denote the level n + 1 critical 
marked grid of fa,v From Proposition 15 . 161 it follows that if r„ denotes the radius 
of the ^/;-parameter balls of level n that contain parameters with level n + 1 grid 
M„_|_i, then r„ 0. By Lemma 16.21 and Proposition 16.171 there exists feg such 
that M„_|_i = M"^*-' (a;+) for all k > ko. In particular, if we consider a nested 
sequence of ^-parameter balls so that each contains infinitely many elements 

of {vk}, then nVn is a singleton, say {v} C Ag, and there is a subsequence of {vk} 
converging to v. It follows that ^{T,^) — (a,v). □ 

Corollary 6.27. intAc n {|a| > 1/e} = 0. 

Proof. If int Ac ^ 0, then there exists T S and an aperiodic critical marked 
grid M such that the closed and bounded set S'm = {v / a = e"^'^*"^ and 'M.°-''"{a) = 
M} C C has non-empty interior. According to Theorem 15.201 the set Cm of all 
parameters v such that ipi, has critical marked grid M is compact, non-empty and 
totally disconnected. By the previous results, ^'(T, •) : Cm — s- S'm is continuous, 
one-to-one and contains 9Cm- But since Cm is compact, ^'(r, •) is a homeomor- 
phism between the totally disconnected set Cm and its image. Therefore, dSjs/i is 
totally disconnected and hence S'm is totally disconnected. □ 

Lemma 6.28. The function ^> is a topological embedding. 

Proof. It suffices to show that vj/ is a closed map. For this let X C x Ag he the 
preimage of a closed set under the quotient map. We must show that '^{X) is closed. 
In fact, consider a sequence {{Tk,Vk)} C X such that ^{TkjVk) € Ac- 

Since X is the preimage of a set under the quotient map, by Remark 16.91 we may 
assume that {Tk} converges, say to T. Then, as in the proof of Lemma [6.261 by 
passing to a subsequence one may suppose that {vk} converges to some v E Ag. It 
follows that (T, v) € X and (a, v) G □ 
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